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ABSTRACT 


INFORMATION  TRANSFER  FUNCTIONS  THROUGH  PLASMAS 


The  degradation  In  Information  content  undergone  by  surveillance  and  communication 

. - -  ■ 

signals  transmitted  through  the  plasma  sheatly\hq«  been  calculated  in  this  reperf  for  some 
specific  re-entry  conditions.  A  comporative  anolysIs^lH»-becn  mode  for  oil  present  day 
types  of  modulations  assuming  a  flush  mounted  slot  antenna  located  near  the  stagnation 
point  of  the  re-entry  vehicle  and  operating  near,  but  above,  the  plasmo  frequerwy.  The 
analysis  is  based  on  a  transfer  function  which  relates  the  space-time  Fourier  transforms  of 
the  antenna  exciting  field  to  the  received  radiation  field.  The  end  results,  presented 
graphically  in  terms  of  both  error  probability  and  transinformation  vs.  Input  signal  to  noise 


rotio,  are  based  on  the  calculated  pulse  distortion  undergone  by  the  signal  as  It  traverses 
the  plasma  sheath.  The  results  of/tWe-study  point  out  that  for  the  plasma  model  under 
consideration  the  performance  of  all  modulated  signals  Is  degraded  with  the  greatest 
degradation  ooairlng  for  Amplitude  Keying  and  the  least  degradation  oocnirrirg for  Phase 


Shift  Keying. 
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SECTION  I 


INTRODUCTION 

The  objective  of  thi*  itody  proy/om  Is  to  calculate  the  informotion  degradation  undergone  by 
surveillance  and  communication  signals  tronsmilted  through  re-entry  plosmos,  in  osder  to  arrive 
ultimately  at  specificotions  for  Hie  optimum  design  of  communication  and  surveillance  equipment. 

As  well  known,  the  effect  of  the  plasma  sheath  orouiid  re-e  .Vy  vehicles  is  to  alter  the  choracterls- 
tics  of  electromognetic  signals  propaguiing  through  it  and  consequently  degrade  the  performance  of  the 
associated  surveillance  and  cauriunicntion  systems.  The  plosmu  Introduces  olterotlons  which  severely 
lirr-it  the  reception  rorsge.  It  ciso  Introduces  dispersion,  in+sich  is  responsible  for  imeoring  the  envelope 
of  the  transmitted  RF  pulses,  thus  causing  Interference  between  adjacent  pulses  of  digitol  signals;  as 
o  result,  the  error  rate  increoses,  causing  a  reduction  information  copocity. 

In  line  with  the  above  objecuves  and  ihe  plasma  sheath  effect  on  communication  and  surveillance 
signols,  the  following  study  tasks  hove  been  carried  out  onJ  ore  discussed  in  respective  sections. 

Task  I:  A  realistic  plosma  sheath  model  hos  been  derived  for  the  stognoti-jo  point  of  iCBM'i 
and  IRBM.  Curves  show-ng  plasma  frequency,  collision  frequency  ond  plawno  sheath  thickness 
versus  altihide  for  a  voriety  of  re-ectry  conditions  ore  given  in  Section  11,  Tosk  I. 

Task  li:  The  output  response  of  the  plasma  sheath  to  on  input  electromognetic  pulse  hos  been 
derived  for  some  ronges  of  plasma  porometeri;  the  result  is  bosed  on  the  obtainment  of  o  tronffw 
function  relating  the  signal  strength  and  woveforms  ot  both  terminal  r  ids  of  a  communication  or 
surveillance  link,  taking  into  occosmr  the  antenna  chorocteri sties  ot  the  system.  The  pulse  degrodo- 
tfon  caused  by  the  specific  tronsfer  furKtions  derived  are  discussed  in  Section  il,  Totk  11. 

Task  III:  Utilizing  the  output  of  the  two  previous  tasks,  tf;e  perfomvo’-tc  of  several  typicol 
communication  and  surveillonce  digital  signals  hos  been  derived  by  calculating  the  error  probability 
and  the  trons- informotion  «  o  Function  of  signol  to  noise  ratio.  Furthermore,  o  pscliminary  system 
anolytii  is  given,  which  ihsMrs  the  optimum  digital  modulatiors  for  a  given  re-entry  mission  oi  o 
fun<*'c  or  traiectory.  These  mot  ter  i  are  discussed  ot  length  in  Section  II,  Toik  Hi. 


FinollXf  Conclutiom  and  Recomm«ndations  are  given  in  Section  li|.  The  results  of  the  present 
stud/  point  Out  that  for  the  plaimo  model  under  consideration,  the  performonce  of  all  modulation  signals 
is  degroded,  the  greatest  degrodotion  occurring  for  Amplitude  Keying  and  the  least  degiodotion  for 
Photre  Shift  Keying,  it  ii  also  shown  that  the  attenuotion  n  prohibitive  ovor  most  of  the  re-entry  pcth 
if  the  onterwto  is  located  near  the  stognation  point  and  that  signal  performance  depends  very  critically 
on  antertna  location.  It  is,  therefore,  recommended  thot  an  occurate  and  reolistic  re-entry  model  for 
location  other  than  the  stagnation  be  derived,  in  otder  to  determine  the  mcst  odvontogeous  antenna 
placement  in  regotd  to  informotion  trarsfttr  efficiency. 


SECTION  il 


TASK  U  DETERMINATION  OF  RE-FNTRY  PUSMA  MODEL 


Th«  abjtcHve  of  Htli  mk:Ho;i  Ii  fo  lof  up  o  roollnHc  plovno  ikkIoI  of  ro^enfry  condi¬ 
tions  typical  of  ballistic  ant«  glide  vehicles.  Such  a  model  must  be  necessity  ioclurJe  vehicle 
frajoctorles  From  whlci.  tft*  plasmas  poromotan  an  dorivod.  Tho  Importune*  of  occurot*  colcu- 
latlcn  of  piosmo  parcRn*t*rs  connot  b*  ov*ntr*si«d;  th*y  form  fh«  bodtbon*  of  any  useful  pre-* 
dictions  concerning  the  effects  of  re-entry  on  command  control  signals. 

The  analysis  presented  In  thii  section  Is  divided  Into  two  portst 

1)  Determinotion  of  re-entry  trojectorles  os  a  function  of  ballistic  coefficient,  re¬ 
entry  or^le,  velocity.  Pertinent  results  ore  plotted  vs.  altitude  In  figtees  i-5*to  1-9*. 

2)  Computation  of  piosmo  porameter^  Htot  Is#  plaarw  frequency,  collision  frequency 
and  plasma  sheath  tfilckness  as  a  'unction  of  the  several  trajectories  obtained  In  (1) .  The 
pertinent  parameters  ore  plotted  vs.  altitude  in  figures  1-15  to  11-18  and  figures  1*20  to  i-25. 

The  result  of  this  onolysit  show  that  plcvno  ond  colilsifvi  frequencies  vary  markedly  at 
low  oitltudes  by  several  orders  of  magnitude  os  o  function  of  the  bollistic  coefficient;  at  high 
altitude  the  vorlotlons  do  not  exceed  one  order  of  mognitude.  turthermore,  both  plasma  and 
collision  frequencies  do  net  chorsge  by  more  thon  one  order  of  magnitude  os  a  function  of  re¬ 
entry  ongle,  al!  other  vorlgbies  remaining  the  same.  The  ploena  sheath  thickness,  on  the  other 
Korsd,  remains  oppioxf motel y  constant  for  oil  tyoes  of  truiecturles  consld^ed  ond  hr.  a  magni¬ 
tude  of  the  order  5%  to  6%  of  the  nose  rod'us. 


*TK«  tomon  numerals  preceding  the  figur;  numben  refer  to  the  eorruipooding  Toik  number. 


1.  1  CotculoHon  of  Re-entry  Trojectoriet 

Traiectort«i  of  re-entry  vehicles,  whether  they  be  ballistic,  glide  or  interplanetary,  are 
comprised  of  two  phases;  (<0  the  phase  outside  the  earth's  atmosphere  where  gravitationol 
effects  are  dominant,  end  0>)  the  phose  within  the  earth's  atmosphere  where  drag  effects 
ore  dominant.  Various  methods  have  been  used  for  seporoting  the  two  phases,  dependent 
to  sente  extent  on  the  nottire  of  the  re-entry  vehicle.  '  For  ICBM  and  IRBM  re-entry 
vehicles,  it  has  been  found  that  drag  effects  do  not  appeor  in  meosurable  quontities  until 
the  re-entry  vehicle  has  descerxled  below  300,000  feet.  Therefore,  the  300,000  feet  al¬ 
titude  level  has  been  selected  os  the  demc^cotion  point  between  the  two  phases  of  the  re¬ 
entry  vehicle  trajectory.  Above  this  level  drag  forces  are  not  present  and  bollistic  or 
free  flight  techniques  are  employed  to  find  retorionships  between  parameters  such  as  cutoff/ 
re-entry  velocity,  cutoff/re-entry  angle,  apogee,  time  of  flight,  and  range.  The  voiues 
of  the  parameters  (especially  velocity  and  flight  ongl^  ot  300,000  feet  altitude,  together 
with  the  ballistic  coefficient  of  the  re-entry  vehicle  constitute  the  input  conditions  for 
the  re-entry  phora  of  the  flight. 

Bolliiitic  Trajectories 

Consider  the  points  A  and  B  on  the  earth's  surface*  between  which  a  baiWstic  trajectory 
is  desired,  os  shown  in  figure  l-l.  The  effective  atmcspliere  axtending  to  an  altitude  of 

300,000  feet  is  sfrwr  to  scale  In  the  figure.  This  altitude  is  slightly  greater  then  one  percent 
of  the  eorth's  radius  0962  miles)  .  For  purposes  of  simplincotion  it  is  osiumed  thot  the  eorth 
with  atmosphere  included  has  a  4000  mile  rodius,  and  that  cutoff  otkI  re-entry  occur  at  the 
two  points  on  the  earth's  surfoce  between  which  the  bnillitic  trajectory  is  required. 

krC.ntSufwnn,  "Dynamics  of  Atmospheric  Entry",  McGraw-Hill  Book  Company,  Inc. , 

New  York,  1962. 

2.  R.  J.  Toiodco,  "Simplified  Decoy  Aerodynamic  Desifpi  Techniques  and  Porometric  Studies", 
Avco  Corporation,  Research  and  Advanced  Development  Division,  Technicoi  Memorondum 

4  RAD-TM-62-3e,  28  July  1 952  (Secret) . 


Ai  shown  In  figure  1-1 ,  numerous  ballistic  trojectoriei,  paths  a,  b,  c,  d,  or  e,  between  points 

A  ond  B  ore  possible.  Each  will  hove  o  unique  cutoff/re-entry  ongle  ond  velocity.  In  as  much 

as  the  weight  of  the  re-entry  vehicle  traversing  the  various  poths  is  assumed  to  be  the  same, 

•och  froieetory  will  hove  o  unique  iounch  energy  ottociated  with  It.  That  poth  requiring 

minimum  launch  energy  is  termed  the  optimum  ballistic  or  free  flight  trajectory.  (Alternate!)* 

stated,  the  optimum  ballistic  trojectory  will  cover  the  greatest  ronge  for  given  launch  energy  or 

velocity) . 

3 

Krause  has  obtained  general  relationships  for  optimum  trajectory  parometers,  bosed  on  the 
motion  of  a  vehicle  of  constant  moss  m  in  the  grovitationol  field  of  a  spherical  body  of  moss  M 
outf  ide  the  atmosfihere.  The  voriotion  of  gravity  with  olti*^ude  ond  the  C';rvoturo  of  the  centrol 
body  ore  token  into  cortsideration.  Tfm  free  flight  motion  of  the  re-entry  vehicle  is  governed  by 
a  central  force 

-GMm 

r 

where  G  is  Newton's  gravitntiorKil  constant.  The  obbreviotion 

H  *=  GM  =  g^r^  (1~2) 

where  rodius,  and  »  gravitational  occelerotion  on  the  surfoce  of  the  central  body,  is 
used  in  the  relotionships. 

Also  used  is  a  dimensionlen  velocity  parameter  ot  cutoff  Q^,  defined  as  the  square  o4  the 
ratio  of  the  cutoff  velocity  to  the  circular  velocity  t 

Vc  2 

Qc  “  (v;r)  (1-3) 

3.  H.  G.  L.  Krm>se,  "Free  Flight  Trajectories  Close  to  Celestial  Bodies,"  Chapter  7,  lion<5x>ok 
of  Astronoutical  Engineering,  McGrow-Hill  Book  Company,  Inc. ,  New  York,  1965. 


Y 

Slnot  lh«  circular  valocity  mu#  ba  Midi  that  th  normoi  occalorotlop  (o.  *  —  )  It  oqual  and 


'cir 


opposita  to  th«  gmvitotionai  occalaratlon  of  the  control  body, 

V  * 

«o  * 

or#  by  oquotion  (2) 


(1-4) 
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cir 


Vo 


.  JL 


(l“5) 


Substituting  Into  oquotlon  (3) 

.2 


a.  ■ 


r  V 
o  c 


(1-6) 


Among  tho  rolationships  given  by  tCrouse  for  optimum  froo  flights  ere  the  following.  The 
optimum  ongle  iJf  departure  for  maximum  range  Is  expressed  os  o  function  of  range  ongii  byt 


cosp 


cot  29  « 


-Is. 


sm  f 


(1-7) 


where  0  «  optimum  flight  poth  angle 

f  »  moximum  ground  range  arigle 

r^  •  radius  vector  ot  cutoff 
c 

rj  “  rodius  vector  at  te»tnlna!  point 

os  shown  in  fig<^  i■"2.  Note  that  9,  the  angle  between  the  rodius  vector  and  the  velocity  vector# 

is  the  complement  of  the  depoitur*/re-entry  angle  y ;  I.  e.  #  8  ■  90®  -  y  .  For  the  cose  ■  t©# 
equation  (7)  reduces  to 


cot  28  ■ 


cosf  -  I 

tin  f 


(1-8) 


The  relotionihip  between  optimum  departure  angle  and  cutoff  raloclty  Is  given  byi 


6 


r  2 

1  +  ^(7-  -n 


tan  0  “ 


Qc 


± 


1  ~  (-  +1) 
.  2 


1 

1 


(f-9) 


Fop  th*  COM  •’g  "  f I  “  •‘q#  oquoUoo  (90  roducos  ta 


tan  6 


1 

5 


(l-IO) 


The  relationship  between  the  maximum  ground  range  oii^ie  and  cutoff  velocity  is  given  by: 

5c.  +  (~  - 
2  ^ 


tan  ^ 
2 


■f 

L  ^c  '^t 


1 

1 


(l-il) 


For  the  cose  re  “  *  t  equation  (1 1)  reduces  to 


tan  I  « 


Qc 

T 


-  2 


1 

1 


(l-!2) 


The  relationship  between  the  summit  altitude  (apogee)  ond  the  cutoff  veiocity  for  the  case 
Tc  =  Tt  =  is  given  by: 


r 

o 


1  +  7  1  -  Qc 

2  -  Q 


(1-13) 


where  r  ii  the  radius  vector  at  the  summit, 
s 


Finolly,  the  relationship  between  the  time  of  flight  and  the  cutoff  velocity  parotneter  Is  given 


by: 


3/2 


r.  3/2 


i-A^) 


3/2 


’2-Q 


(  ^  cos'^  I-') 


(l-U) 


'7 

( 


wh«r*  *  •quatoriai  rodiui  of  Hi*  control  bod/ 


y  m  (-^  *»•  1){2- Q  )  -  3  (1-15) 

c 

For  tho  COM  ■  *0  *'  «^r*#  Moording  t*  Horrlek  ond  B«k*rf  fb*  eontronf 

3/2 

Re 

=  806.8$*c,  (I‘I6) 

was  used,  equotion  (1^  reduces  tot 

tj-t^  *  806.0  (--1^)  (/v/TT^ f  cos’^  y)  (1-17) 

2-  Qg 

witfi 

u  =  1  -  2Q  (1-18) 

c 

Based  on  equations  (Q  ,  (li)) ,  02)  #  03) ,  orxJ  (12)  above,  Hie  total  range  of  Hie  optimum 
free  flight  trojector/  expressed  in  statute  miles,  is  selected  as  the  independent  variable  and 
corresponding  values  of:  (')  total  flight  time,  0  departure  angle,  (3)  cutoff  velocity,  and 
(^  apogee  altitude  ore  plotted  In  figures  1-3  and  M. 

Since  the  trajectories  are  symmetrical  about  their  mid-range,  the  re-entry  angle  is  equal  to 
the  depoiture  angle,  and  the  re-entry  velocity  Is  the  some  as  the  cutoff  velocity. 

In  obtaining  Hv  curves  of  figures  f-3  and  M,  the  effects  of  the  earth's  ratotion  and  atmosphere 
were  not  considered,  it  is  pointed  out  that  cutoff  and  re-entry  were  assumed  to  occur  at  the  some 
cititude— <Nid  total  range  and  flight  time  ore  meosured  between  theM  points.  These  simplifying 
ossumptions  permit  the  curves  to  be  applied  very  widely  with  negligible  errors. 

4.  Samuel  Herrick,  R.  M.  L  Baker,  Jr.,  ond  C.  G.  Hilton,  "Grovitotior^l  and  Related  Con- 
stonts  for  Accurate  Space  Navigotion*,  Proceedings  of  the  8Hi  intornotionol  Astronouticol 
Federation  Congress,  Borcelono,  1957,  pp.  147-235,  Springer-Veriog,  Vienna,  1958; 
University  of  Col ifomla,  Los  Angeles,  Aitran.  Popws,  voi.  1,  pp.  297-33%  ARS  Preprint 
497-57,  1957. 
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Re-entry  Paths 


Re-entry  conditions  for  optimun  ICDM  end  IRBM  trajectories  may  now  be  obtained  directly 


from  figures  !-3  and  1-4.  f’or  example^  assuming  ICBM  ranges  of  5500  o«d  7000  mi.es#  or»d  IRBM 
ranges  of  1200  and  2000  miles  one  obtains! 

I  CBM  Re-entry  Potb 


Ronge,  miles  5500  7000 

Re-entr>  angle,  degrees  25.1  19.7 

Re-entry  velocity,  ft. /sec.  22950  24200 

IRBM  Re-entry  Poth 

Range,  miles  1200  2000 

Re-entry  angle,  degrees  40.  7  37.  8 

Re-entry  velocity,  ft. /sec.  13350  16400 


Tbe  above  data  ore  for  optimum  trajectories,  i.e. ,  those  yielding  maximum  ror>ge  for  each 
particular  missile.  Although  many  flights  ore  mode  order,  or  close  to,  such  condivioo,  in 
numerous  instances  sub-optimum  flights  are  employed.  Fev  exomple,  a  solid  fuel  missile  with 
a  7000  mile  range  copobility  (following  on  optimum  troiectory)  is  to  te  used  for  striking  o  torget 


5500  miles  away.  Since  the  cutoff  velocity  canm^  be  oitered,  the  cioier  target  con  be  reached 
only  by  changing  the  cutoff  departure  '’ngle.  The  new  dcpartuie  ongle  may  be  found  from  the 


expression^ 


r  ton 
o 


-1 


sin  6  cos  0 


I  -  sin^6 


(1-19) 


where  is  the  ground  range  (o  the  summit,  or  holf  the  tolol  ground  range  (see  Figure  2)  ,  and 
the  other  terms  are  as  previously  defined. 

Using  the  exompie  previously  referred  to  where  the  cutoff  velocity  Is  24,200  ft, /sec.  ,  ortd 
the  new  total  groursd  rarsge  is  5500  miles, 


2 

V 

2 

Q  -  - 

(24,20(9  „  ^ 

(1-20) 

32.2(396^(5280) 

5500 

X  «  -T-  • 
*  2 

2750 

(1-21) 

Th«n  from  •qvcttion  0^ 

e  »  81.8®  or  48.0®  (1-22) 


ond 

y  =  90-8  »  8.2®  or  42.0®  (1-23) 

Tho$  fha  5500  mil*  torgef  could  b«  hit  by  lounching  ot  8. 2®  or  42. 0®  (irtsteod  of  19.  7®  to  hit 
the  optimum  7000  mile  torget) .  Since  the  higher  trojectory  would  require  a  greoter  flight  time 
otkI  be  vulnerobie  to  greater  error/  the  smaller  lour^ch  angle  it  selected. 

Similarly  the  2000  mile  ronge  IRBM  launched  at  16,400  ft./sec.  at  on  angle  of  37. 8®  may  be 
made  to  strike  a  target  at  1200  miles  by  reducirsg  the  lourKh  ^nqle  to  14.  2®. 

Re-entry  Profiles 

The  two  sub-optimum  trajectories  discussed  above  were  added  to  the  four  optimum  trajecturies 
previously  described.  For  each  of  the  six  trajectories,  re-entry  paths  were  determined  for  three 
different  bollistic  coefficients!  2000,  1200,  ood  500.  The  boHistic  coefficient,  B,  of  1200 
)s  typical  for  re-entry  vehicles  used  with  Atlos  and  Titon  missile  systems;,  ond  moy  be  considered 
os  representative  of  the  present  stote  of  the  art.  The  cose  B  =  2000  represents  a  highly  streom lined, 
low  drag  re-entry  vehicle  representative  of  odvonced  systems,  while  the  cose  B  =  500  represents 
the  high  drag  systems. 

Velocity  -  altitude  profiles  for  the  18  cotes  of  re-entry  investigoted  o<  '  presented  tn  figure  1-5 
to  1-10.  Eoch  re-entry  wos  considered  to  begin  at  an  oltitvde  of  300,000  feet  for  'eosons  previously 
given,  ond  trojectories  wece  determined  through  the  fotimeing  reiterotive  proceu.  Referrirsg  to 
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fig.  11-11,  and  letting  Hie  subscript  o  denote  initial  values,  the  re-entry  vehicle  of  mau  m 
re-enters  the  atmosphere  with  a  re-entry  velocity  V^,  at  a  re-entry  angle  y^,  at  altitude  h^ 
(300,000  feet.).  The  re-entry  vehicle  is  acted  upon  by  two  external  forces!  D,  aerodynamic 
drog  acting  in  the  direction  opposite  the  velocity;  and,  W,  its  weight  eating  vertically  downword. 

Considering  first  the  aerodynamic  drog,  from  Newton's  first  low  (P  »  mo)  the  deceleration 
produced  is  given  by: 


d  =  2  =  ^ 
m  W 

The  drog  force  0  may  be  expressed: 

0  =  CqAp-'C 

where  Cq  *  coefficient  of  drog 
A  =  frontal  area 
p  =  ambient  density 
Substitution  into  equation  (24)  yields 
C  Q  A  p 

d  = - = — 

W  2g 

Since  by  definition  B,  the  ballistic  coefficient,  is: 

B  -  ^ 

CqA 

Equation  (26)  may  be  written 

..2 


2Bg 


(1-24) 


(1-25) 


(1-26) 


0-27) 


(1-28) 


Finally,  the  omtiient  density  may  be  expressed  os  o  function  of  oltitude  by  the  relationship 
given  by  Gorley: 


5.  Corl  Goiley,  Jr.  ,  "Atmospheric  Entry",  Chopter  10,  Hondhrvsk  of  Astronouticol  Engineering, 
Me  Grow-HiH  Booh  Compony,  Inc.  ,  New  York,  1961.  ]] 


wh«r«  it  MO  level  denfity,  to  yield 


rSL  ‘i 

d  “  eKp  (  •d,  IS  H  10  h)  ( ■  -30) 

Substituting  the  known  values  of  and  into  Equotioo  (30) ,  the  initlol  volue  of  drog  decelerotion, 
d(j<  may  be  obtained.  If  a  one  second  ir^ervol  •$  considered,  h  ond  V  will  chonge  only  siigKtiy. 
Consequently  d  also  vnll  change  on^y  slightly  and  in  fact  may  be  regarded  as  constont  during  the 
one  second  interval.  Tor  uniform  deceleratl'^n 

AV  =  dAt  (1-31) 

For  At  =  I , 

AV  «  d  (|_32) 

Then 

=  Vq-V^  =  d^  (1-33) 

or 

V  «  V  -  d  (1-34) 

I  o  o 

Thus  the  velocity  at  the  end  of  the  first  second,  considering  drag  effects  only,  is  determined. 

Similarly  the  chorsge  in  njognitude  arxl  direction  of  veiocity  produced  by  weight  (the  force  of 

grovity)  oct'ng  during  the  one  second  period  was  determined,  ond  the  velocity  subsequently 

modified.  The  new  valu»;>  of  velocity,  directi^’n  and  oltitode  corresponding  to  the  end  of  the 

first  ..econd,  Vj  ,  y^ ,  and  h^ ,  provirled  inputs  for  determining  changes  during  the  second  interval; 

i.e. ,  for  obtaining  V2,  T2'  ^2'  process  was  continued  a!  one  second  Intervals 

PSL 

until  zero  altitude  wos  reoched.  The  first  term  of  oquotlon  (3(^  ,  was  -nsumed  to  remain 

rog 

constant  during  #och  re-entry. 

Compt  of  Hse  n»-entry  trojectories  wot  performed  on  on  IBM  1620  computer.  Values  cf  V, 


r,  ond  h  and  al»  of  rang,  ond  d.c.l.ration  w.re  obroined  for  .och  r.-,ntr)r  car.  of  on.-*cond 
intervols.  Th.  car,.i  shown  in  fig  jr.s  1-5  fo  l-iO  wn.  ploftad  troir.  fh.i«  r.soltt. 


I.  2  Coiculatioiis  of  Plasma  Porome^ars 


Collision  and  Piosma  Ffgueicies 

In  ori^  fo  obtoin  H)«  piosma  shooth  poromohsrt/  and  In  poitteulor  iba  pioima  fraquancy, 
fp  and  Hie  collision  frequency  u,  i^  is  necessary  ^o  know  Hie  density  of  Hie  shocked  aW, 

and  its  temperature,  T.  T  and  p  which  determine  uniquely  f^  ond  u,  were  calculcted 
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by  Gilmore  os  a  function  of  velocity  ond  oltitude  assuming  Hiermcxiynar.iic  equilibrium 
(on  assumption  volid  ot  }he  stognotion  point) .  Thus,  from  a  knowledge  of  the  velocity- 
altitude  relationship  for  eoch  re-entry  trajectory,  values  of  the  collision  frequency  (i^  ond 
plasms  frequency  (f)  can  be  obtained  vio  T  and  the  results  are  given  by  several  writers, 
in  particular  Bochynski,  Johnston  and  Shkorosfsky.  Figu’’®  I'•I2,  token  from  Reference  7, 
yields  collision  and  piosma  frequencies  at  the  stagnation  point  directly.  Values  of  these 
porameten  fu*  the  six  traiectories  investigated  ore  plotted  in  Hgi^es  1-13  to  1-18. 


Piosma  Sheath  Thickness 


Plasma  sheath  thicknesses  were  calculoted  for  the  six  re-entry  trajectories,  based  on  th^j 
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theory  and  experiments  of  Li  and  Geiger.  In  essence,  Li  and  Geiger  found  thot  for  the 
range  of  velocities  encountered  during  re-entry,  the  rotio  of  sheoth  thickneu  (A  )  to  rodiui 
of  curvature  OC  of  the  hemispherical  nose  cone  at  the  stognotion  point  is  only  dependent 
on  the  ratio,  K,  of  free  stream  to  shock  wove  air  density.  Using  their  expreasioris 

A  »  K({  -  K(2  -  K)  } 

T“  — — — 

0  •*  K)  '1-35) 

wn  Composition  and  Thermodynomic  Properties  of  Air  up  to 
74, OCX)  , Rond  Corpofotion  Report  RM  ’513,  August,  195S. 

7.  M.  P.  Bochynski,  T.  W.  Johnstjn  ond  I.  P.  Shkar^iky,  "Plecrromognefic  Properties 
of  High  Temperuture  Air,"  Proc^sedings  of  the  IRE,  Morch,  1960. 

8.  Li  ond  Geiger,  "l^aoccflon  Point  of  a  Blunt  Body  in  Hyp^-wir.ic  Plow",  Joumol  of 
the  Aeronouticol  ScietKes,  Jwiuory,  1957. 


where 


K  =  pj/pj 


:i-36) 


Substituting  icrx^n  values  of  the  ratio  of  free  stream  air  density  to  sea  level  density 

P  , )  ,  and  shock  wove  air  density  to  sea  level  density  (p,  /  o  )  ,  os  o  function  of 
•  Z  '  o 

oltitude  gives  the  variation  of  plasma  sheath  thickness  vs.  altitude  for  the  re-entry  coiirse. 

9 

Values  of  (p  /p  )  v/ere  obtoined  from  the  1956  ARDC  Model  Atmosphere.  Values 
1  o 

oi  Pq  ^  were  obtained  directly  for  each  combination  of  oltitude  and  velocity. 

Results  of  these  calculations  are  sho^-zn  figures  1-20  through  1-25  for  the  six  re-entry 

trujectories  investigoted,  A  sompie  d  the  numerical  data  upon  which  the  figuies  ore 
based  is  given  in  Table  I  for  the  case  of  the  optimum  5500  mile  trajectory.  From  the 
results  presented,  it  may  be  gerseralized  that  the  plasma  sheath  thickness  is  opproximately 
constont  for  each  type  of  trajectory  considered  For  the  ICBM  trajectories,  the  sheath 
thickness  is  roughly  equal  to  five  percent  of  the  nose  radius.  For  IRBM  trcjectoriji,  it 
is  equal  to  six  percent  of  the  nose  txidius-  For  both  types  of  trajectory,  the  iheoth  thick¬ 
ness  tends  to  increase  os  altitude  decreases.  At  aliitudes  obove  150,000  feet,  the  plasma 
sheath  *  dckricss  is  independert  the  bollostic  coefficient,  Howeser,  at  lower 
oltituo^s  the  sheoth  thickness  is  greo’.er  for  tvnoiier  volues  of  B;  i.e.  ,  for  higher  drog  re¬ 
entry  vehicles. 


V.  R.  A.  Minzner  oncTW.  $  l^ipley ,  *T%e  ARDC  Model  Atmosphere,  1956",  ,'FCRC  TN- 
56-204,  December,  1956. 

10.  R.  J.  Plugge,  S.  Chen  artd  R.  K.  Long,  “Some  Calculotlom  of  the  Phene  Shift  and 
Attenuation  Rotes  of  the  Hypersonic  Plosma  Sheoth".  The  Ohto  State  University 
Reseofch  Foursdotion  Report  No.  1021-2,  31  Jonuory,  1961,  fCc  root  AF  33(61 6) -6782. 


Tabit  I  -  VcrFatior  of  Plosmo  Sheath  Thickness  During  Re-entry  for  Optimum  5500  Mile 
Troiectoty  (B  *=  200Q) 


Altitucle 

(feet) 

Velocity 
(K  ft  /  Sec) 

(p]  /P,) 

(p2  /  Po  ^ 

K  =  P^  /p2 

^  K(]  A^]2-K) 
(l-K)^"" 

250,000 

23.0 

3.36xl0“^ 

0.0600 

0.0448 

200,000 

23.! 

2. 55x1 0"* 

10-'-^ 

0.0640 

0.0474 

150,000 

23.1 

1.50x10'^ 

10-' 

U.0475 

0.0364 

100,000 

22.9 

1.35x10'^ 

,0-0.  ao 

0. 0851 

0.0606 

50,000 

20,9 

1.53  xlO"^ 

^qO.20 

0.0965 

0, 067: 
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re-entry  angle, •5=90»-(9 


terminal  point 


OEPARTURE/REENTRY  ANGLE  AND  F 
VS.  RANGE  FOR  OPTIMUM  FREE  FLIGI 


1. 


VELOCITY  -KILQFEfT/SEC 


W*-*o)ry  V*locify  -  24,200 
R«>antry  An^fa  -  8.2 

(Svb-optinum  5500  miU  traiactory) 


R»>*«fry  Velocity  -  16,400  ff/«oc 
Ro««n(ry  Anglo  -  37.8  4ogfoo« 

(Ovfimom  2000  miU  trofoctory) 


ALTITUDE -KILOFEET 


R*-Britry  Velocity  -  13,350  h.'sec 
R*-«nfry  Angle  -  7  degrees 


(Optiinuin  1200  mite  trajectory) 


VEl.OCITY-KILOFEET/SEC 


0 


®  2  4^8  8  ID  12  14 

VEtOCITY  (Km/Mc) 


of  pl“»"0  freqiiency  (f  )  and  coll!, ion  fre,,uenc>.  (p)  o!  the  jtognotion 
with  »el.M:,ty  of  voriou.  altitude,.  (Aftrf  Bochyndci,  John,on  and  Shkaro,fd<y.) 


FREQUENCY  -  CPS 


Collision  froquoncy  (i')  ond  Plosma  Iroqus.icy  (fp)  for 
Sub-<)ptimwm  5500  mil*  'irojoctory 


ALTITUDE  -  KilOFEET 


FIgur*  1-15 


Colliticm  frqutricv  {i/}  Plctmo  fr*qo*ncy  u  |  for 

P 

Optimum  2CG0  mi!*  troj^ctory. 


ALTITUDE  -  KILOFEET 


FIgura  1-16 


FREQUENCY-CPS 


PLASMA  FREQUENCY  (fp)  OR  COLLiSlOH  FREQUENCY  (,.)  -  CPS 


ALTITUDE  -  KILOFEET 


r-iguni  1-18 


Vorlotlon  with  Altitu<i«  o(  Rotl«  Plocmo  ShMth 
Thicknaat  (A)  to  Neio  Radius  (R) 


OPTIMUM  7000  MILE  TRAJECTORY 


Vo  lotion  with  Altltt.'^  of  Ratio  of  Plotme  Shooth 
Thicknott  (A)  to  Not*  Radio*  (R) 


Voriotton  with  Altitvd#  ot  Rotic  cf  Plawtio  Sh*ath 
Thickntti  (A)  to  No*o  Rodiu*  (R) 


— 

— 

- - 

OPTIMUM  2000  MILE  TRAJECTORY 


30C  250  20f.  150 


ALTITUDE  -  KILOFtET 


ALTITUIE  -  KILOFEET 


Voriolion  with  Altitude  of  Rotio  of  Pla»mr 
Sheath  Thicknett  (A)  'o  Note  Rodiut  (RL 


SUB- OPTIMUM  1200  MILE  TRAJECTORY 


ALTITUDE  -  KILOf  E£T 


task:  II 


PULSE  DEGRADATION  DUE  TO  PLASMA  SHEATHS 

II-).  Inh-odocHoo 

Th*  problem  of  dehirmining  tfie  Influence  of  o  plceno  iheoHi  rn  the  infor, notion  copccity  of  the  trontmiuion 
or  communication  path  In  which  rhe  pioeno  theath  It  tituated  It  one  of  datermlnlng  the  change  in  bit  error 
probobllitles  for  digital  tlgnolt,  arid  the  general  entrop/  cSortge  for  onologue  tignalt,  due  to  the  tronsmitted 
tigrwl  degradation  or  eneorlng  which  It  caused  by  tire  theath.  However,  to  determine  these  changes,  the  tignol 
degradation  .nutt  first  be  determined.  Thus,  the  basic  problem  It  orw  of  first  datermlnirg  this  signal  degrodotion 
due  to  the  plasma  sheoth. 

In  the  present  program,  work  hos  been  corKemed  with  determining  the  pulse  degradation  of  o  tingle 
pulsed  carrier  sigrxil.  Sirtce  a  digital  sigrtnl  consists  of  a  series  of  individual  pulses,  the  degradation  of  o 
single  pulse  tirould  firt<'  be  determined;  then,  for  o  linear  system,  superposition  con  be  employed,  io  determine 
the  degiodotion  of  s  composite  pulse  train.  Additionolly,  since  or  analogue  tigrtol  vhich  exists  for  o  finite 
duration  of  time  con  be  represented  by  o  Fourier  series,  eoch  component  of  which  con  be  look<»d  upon  os  c 
single  pulse  of  o  different  frequency  oiid  phose,  the  knoelodge  of  whot  hoppens  to  o  single  pulse  of  urblhory 
frequency,  phose,  and  duration,  con  also  be  used,  via  superposition,  to  determine  the  degrodotion  of  on 
onolsigue  signal.  Hence,  the  initial  problem  which  should  be  considered  is  that  of  o  single  RF  pulse  of 
orbltrory  frequerKy,  ompiltude,  and  duration.  Thus,  the  initial  work  treoi  the  degrodotion  of  o  single  pulsed 
carrier. 

il-2.  Degrodotion  of  ^^Singl^Fulse 

2o.  Obfoinmen#  of  Tronsfer  Function 

The  first  step  in  determinir,  the  rodioted  pu^i#  produced  by  the  plowna  cooted  vehicle,  it  to  esfo- 
bliih  o  m-adel  of  the  comr.tunicotion  lystem  of  the  vehicle  or»d  to  cbtoin  the  effective  transfer  function  cf  thit 
system.  Corwider,  then,  the  communication  MiA  depicted  in  figure  II-  1-  which  »h-?wi  tSe  vehicle,  the  orbitrorily 
•hoped  aperture  ontenna  In  the  vehicle  surfoce,  the  pioeno  dteoth,  ortd  the  for  ^ield  receiving  point  P  locoted 
of  on  arbitrary  posirlon  in  the  radlotlon  field  at  e  diatonce  r  from  tf  '  -A-’-ie.  The  roHowing  restrictions  will 
now  1 4  mode: 


r 


\ 


Ft^urt  XX>Cofiiiiiyfiieatioft  Liith 


I 
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1)  Th«  curvohir*  of  tho  vohicio  turfooo  it  auffleiontiy  IcvgO/  at  comporod  to  fftt  wovoiongtli  of  tfto 
corrior  froquoncy,  to  thot  tho  oportura  oon  bo  trootod  at  bolnp  titbo  d  on  a  piano  turfaco. 

9  Tho  piotma  dtooHt  It  homopt'r  ilftoor/  Itotropic/  ond  formt  o  ilnglo  ioyor  of  Ihicknott  d  ovor  Hto 
vehicle  turfoco. 

3)  Tho  oportufo  OKcVtoflon  (In  partleulor  tfio  tanB*otioi  olo<Hrle  floldt  ov«r  Hm  eportvro)  it  tokon  m 
tpociflod. 

Thoio  rottrictlom  «jre  tuffTclontly  lox  to  at  to  opproximoto  octuai  tyttomt.  Honco,  iho  tnodoi  of  ttio  lyttom 
it  rxM  known. 

ReforrSng  to  tho  cl<HO-up  vltw  of  tha  oportix'  antonno/  ca  $h<mn  in  figoro  ll-l ,  and  if  ono  contidort  tlio 

A  A 

COM  of  on  unmodulatod  corrior  oxciting  the  oportwiro,  thon  if  E  (x,y)  and  E  (x,y)  or*  ttio  oporturo  floldi  (wtioro 

K  J 

Hto  timo  factor  o**^  it  undorttood,  u  boirg  tho  corrior  froquoncy)  ,  thon  proviout  werk^^^  Iwt  thoirn  thot  Hto 
rodiotiort  floldt  produC'Kl  ut  tho  for  Hold  point  P  (’‘,9,  #)  ore 

(ll-l) 

(11-3  Hg  .  g(l»  E; 

^  *V 

who^  Eg  ond  E^  atm  tho  rodiotion  ficldi  producod  by  Hto  nmo  opertt  -o  diitribwtiott  in  tfiO  ctbtortco  of  the 
picvno  ihoath  artd  oro,  roipoctivoly, 

(11-3)  Eg  •  A(E^^  eotd  ♦  tin#) 

o  *A  *A 

ii-^  E^  ■  A  cot  0  (-€._  tin  P  ♦  E  cotP) 

♦  r«* 

whoro 

(ii-3»  A  * ,?» 

with  being  Hto  photo  factor  in  voctnon  ef  tho  oporturo  oxeiting  Hold,  I.  o.  , 

_  -■) 

f  J)  c.  M.  tCftcp,  •lodM  jn  CKwclorltrkt  of  Aportwrot  kt  Coolod  Motol  $««facod* ,  Hoflioroftori  Report 
OM-POMU.  Jortuorv.  IMS.  n. 


ipotlol  Fourkir  trewfanm  of  iho  ipoolfloii  Hold  dlttrSbwllon, 


with 

(11*^  ■  2yr  «/#» 

in  Oi*^  oral  Oi-4  tKti  4m 
givon  hjr 


(li-« 


E  - 

MO 


-2  // 

4*  Aportur* 


*IPy^«  yco*^ 

0  dx  dy 


^  A  A 

with  on  Idofitieoi  oxproaiion  for  with  E  (x,  y)  ropiocing  E,  (x>  y)  in  Iho  intograrid. 

yo  y  X 

Tho  obov  e^fuatle^  oro  for  tho  com  of  infintf*  ..Mtol  plan*.  Howovor,  thnw  rosuin  hovo  boon 


onporimonlully  ond  al«o  •o«i>ooi|..iiooliy  diown  to  bo  opplicablo  to  Iho  cam  of  o  fiiiito  pioto  ontonnc  in  (ho 
piano  porpondlculor  to  tho  piano  of  poiorixotton^  '  ^ .  Fcr  oxonv/!*,  if  o  thin  roi:loi«uior  slot  It  umd,  (ho 
inflnilo  plono  modol  ooi'  bo  mod  to  prodfct  (ho  radioNon  fiold*  for  o  tinito  plato  in  tho  piorw  of  tho  long  dimon> 
tion  of  tho  siot.  Howovor >  oxporiwontoi  worh  hoi  diown^  that  roiuiti  of  (11*^  and  (li-4)  cannot  bo  umd  to 
prodkt  tho  noUb  from  o  flnito  pioN  in  (ho  piano  of  poforixofion  (|.  o.  ,  for  (ho  dot  com  in  tho  plono  porpon- 
dlcwlor  to  tho  long  diowmion  of  tbs  »tod  •  A*  such,  only  tho  piono  ynrpondiculor  to  tho  plono  of  polarization 
will  bo  contidorod.  Tho**  If  tho  dot  ho*  It*  long  diowmion  v*iong  th«  x  exi*  and  it  thin  in  tho  y  diroction. 


(tl<^  ond  Ol~d)  eon  aim  bo  wmd  K  prodkt  tho  puttorm  from  o  tinito  (cootod  or  noncootod  pfotw  In  the  xo 
piorw.  Thw,  (hoy  con  bo  uood  Ik  (hit  ownrwr  for  on  oportvro  in  o  k^to  vohicio  aurfoco. 


in  (ll'l)  ond  Oi'S}  tho  for.ton  f(9  and  g^  rolotlrig  th»  rodlntion  floMi  with  tho  piomw  promnt  to  lho*o 
wllhowt  Iho  piowm  promto  or*  givon  by 

iflljd  OOa  G 

Ol^  fH  •  0  /feat  f  ♦  j  0^  d«  fl 

i(\d  CO*  0 

(ll*l<l  •  0  /foci  f  ♦  |0j  dn  f] 

wHh 

(11*) ))  f  *  Eyd  *1  -  dn^  Eloctrloo)  knglh  of  oIowmi  dwmh 

^ — 1^^ ^"7g:g: - 

01  Erood,  ^  G.  mid  WtH,  J.  L ,  “Am  ImmUgaUm  of  Sfot  Izdlmiri  In  Molol  «olod",  fyoe.  irot.  Eioc. 
^  Ir^,  voi.  I®,  pt.  I,  No.  I.  Ifld-Da 


«£  "  coi  0/ fin  0 

a  ■  jy  -  iln^  /  r  cat  0 
n  '  r  • 

For  Ihti  pi<ntna  sheath,  thi;  dielectric  constant  is  character  I  it'd  by  the  equivalent  complex  dielectric 
eenftont 

(11-14)  -  f^"-  i«/« 

where 

=  I  -  , ,« -  .±h^. 

1  +  i^/y^  I  +  »^/«^ 

with  Wp  *  2*fp  being  the  angular  plosma  frequency,  and  v  the  collision  frequency. 

Fettiicting  our  interest  to  the  on-oxis  (fH|  radiation  Held  in  the  xeplone  Of  produced  by  on  operture 
having  o>ily  on  Ey  component  of  excitation,  (11-^  and  01*4  give 

(11-14)  E^(r,0,C|  «A(tig(f)  (J 

(11-17)  E^(r,0,0  =  0. 

Equation  (11-14)  gives  the  steady  ste'e  E^  on-oxis  radiation  field  of  frequency  w  due  to  on  aperture 
field  of  the  some  frequency.  Hence,  the  function  coistalned  i  (M-14)  ,  defined  by 

(ll-lfi)  «j(*i)  ■  A(s)g(t^  ^yo  W 

it  ttvs  hortsfer  function  of  a  hypothetical  block  hon  chv  jcterixing  the  communication  system,  whose  in/ut  it 
the  aperture  field  E^(«,  y,H  and  srhose  output  it  the  on  axis  rediotlon  Held  .  Hence,  the  output  of 

this  block  bar.  for  e  time  moduloted  aperture  field  input  of 

Cl-19)  E^  («,?,.;  'fy^(*.y)  ey(t) 

where  ey(rt  contai.'si  the  time  dependersce  of  E^(ji,y,t)  ,  is  then  the  toto*  electric  field  Ep(r.  if  given  by  the 
superposition  of  oil  the  frequency  cemporents  of  Iho  fane  0i~14)  .  and  Is 


(II‘2C|  E Jr,e  -  /*GW  •****» 

▼  ^  j 

wHant  {(  I(mi  twnpottji  Fourier  fioiwfcwii  of  lli«  ^Inw  dopoidonf  port  of  rtto  E^  oporfuro  floid,  i.  a. , 

(11-21)  /VWo'*^* 

y  2.  5w 

As  o  ipoetoi  dtock  Cttte«  If  f. 

q  con*louou>  wt'iinedulotod  wovo  of  eorrlor  froquoncy 
fhon  •  ■>  ^(u-  artd  um  of  (ll*2($  givot  l^fr/0  *>  G(ti^)  which  It  Hw  stood/  stoto  result 

(ll-l^  os  It  dtouH  be. 

?b.  Fultod  Corrler 

Hoviirsg  formuloled  the  ooM  for  orfaitrary  »>>  iotlon,  consider  now  the  rote  of  on  input  pulsed 
carrier  given  by 

{11-225  ey<l)  “  n«  -1fr-T))  e*^ 


whore 


(11-235  l(iO 


*<0 
K  >0 


is  the  unit  step  function.  Equotion  (ti-22)  represents  o  '  r  <  ter  of  frequertcy  u^  Nana*  on  at  time  t  •>  0  and 

off  at  tlese  f  ■  T,  1.  e. ,  it  o  pulsed  carrier  of  frequenev  •>.  it'd  of  duration  T.  Integration  of  0l-2i)  for  this  cote 

gives 


j  tinCbr-u^)!) 


T 

(u-svU 


A'  OMplitude  plot  of  Oy^Cy  okiws  that  the  t  qwr^cy  aprcr»u«  trf  the  puited  corviar  t»  ee,^er*<l  at  k  u^ 
wllhif  o  bon^l^  of  epprORlataiely  1  -  O  <  |  *  Q  ,  0  *  .^L  .  trs  o  pritctJsol  pUfSa*^ 

A  O 

0  <<  <  I  (typtoolljr  0  *  iO  )  and  hence,  ihe  speetnus  of  (fl-J0  rwed  not  be  ?^an  m  iftfinlt#  to  the 

Ou^t^  but  need  only  eetand  over  #ifs  bendwidth,  tjiawdnotlon  ef  ih#  feetort  Ahd  nid  f  ireveol  «twt  fh*i# 
phoat  it  cofufant  with  tespe*et  le  u,  m4  dbet  over  .‘‘••v  above  bondw-yih  thefr  amptHuda*  can  be  Mten  us  cnrwto^.-t 


li 

H  =  ;-i  - . 


pf-. 


of  lilO  volu#  rti«y  hovo  at  fho  corrlor  fr«q  jonsy;  banco,  (li-21)  bacomat 


(11-25)  Eg(r,  I)  -  C  /*«(%»  0^  (4  d« 


wftoro  9y(ki  !i  givon  by  (li-24)  ond  tbo  ranga  of  iintagration  bos  boon  r*-«xtandad  oyor  tbo  infinSta  ronga, 
CqiMfion  (il«25)  fbo«r«  that  fbo  fromfor  function  of  fb#  tystom  roducot  to 

(il-2«)  G(id  -C  0*'“^  g(*4 

wbof* 

i«^  “A 

{11-27) 

rc  yo  o 

and  C  U  0  comfonf  for  o  given  tyitom. 
lOMlaM  Ploimo  Sbootb 

Suppoto  fb#  cow  of  o  loulau  p-c^nno  sboolb  It  n^f  contidorod.  Such  o  iboofb  it  cboroctorizod  by  o  rolo- 
fi.*  dioltcfric  contfont  of 

(11-26)  *;  -  I  - 

Tbo  foctor  g(«d  li  fban  via  (ll-ld  (loMing  0  ■■  0  for  on  oxld 

iM 


(11-2^  g(U 


1 

cot  g  ^  i  7=-  stn  f 


whofo  f  rtdvcot  *o 


(ll-Jd  f  *  P(ul  d  •  9^4 


Pofining  &  by 


(11-3  0  6  -  -p-r  -  < 

^•r 


ond  W  by 


ond  Ming  iIm  •Mpcmlcwi 
1  *• 

(II-J3I  —  .  2  (-ifw'* 

n  "0 

gh^Mfer  Iwl  <1#  t.«.f 


|w| 


<  1 


If... 
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IM  lolkmfing  MpTMantalinn  far  g(i4 
>!W 


^  ~  -jPCU  (2irH)  d 


Ol-M> 


2i»f| 


n  *0 


Ol-Ml  I 


»3 

*5 

•7 

«fc. 


(1-!  ,  !  ♦ 
'  2  4 


- - 

2  g3> - ) 


(♦  i-  ♦ 


Tlw  «• 


to  darraoM  wltti  for  «  givon  5,  linco  for  condition  fli*Xd  to  hold  6  <  I . 
Honco,  an  long  m  w  >  J  ~  o.  than  Hm  rodtotod  ■wM  ii  givon  by»  vi«  (ll'2S 

—  1  3  p 

CI-3J)  *. 

»i  •  0 


.  eno  ^'91  '>*<orcMn^  ond  IntoyHan  glvingt 


SIroo  #10  (MM  It  ynilanoly 


n*  0 


wW*  Ibm  t«no^  ^  li  doflMd  by 


(11-3^  -  (2nf|)  d. 

Equation  (11*39  con  bo  ^^Itton  ai 

«e 

(11-49  Eg(^,tO  -  C  ^  Eg^ 


0  ■  0 


whoro 


(1.-31)  E,^  .  /“  4*  (J  dx 


wilb 


(IM9  t'-t-(r-9/c. 


Examination  of  (ll-^l)  dimn  tbot  ft  roproiont*  on  output  (kf  to  o.  pbo**  d^ift  of  f  .-XJ/  of  ibo  input. 

n  rt  ^ 

For  n  •  0,  Ibo  phow  iblft  ■  p(J  d;  for  n  •  h  f  ^  H'  fw  n  ■  2,  gj  ■  d,  ote.  Thm,  for  tbo 

IomIo**  ploana  com  with  w^,  tbo  (olution  to  lf.«  on  oxi  rodiotod  pulM  bar  b««n  r.xpf«  Md  m  o  turn 

of  outputs,  oocb  corroipondini;  to  orw  c<jmpl«t«  ’  rotlnction  in  tbo  ploamo  ibootb.  r«ti«cf»0 

comporwnt  b«  on  anqiiitud*  giv  hy  ^  wt  ict-  diminiibos  with  n. 

2r»^l 

it  !i  now  notod  tbot  »inc«  (Kti  '*  0i'r*r.  by  01-39  or 


-Pvf-;  -  K\ 


T 


fbot  It  Is  Idonticol  to  ttm  pfMCO  ibltt  providod  by  o  IowIc'M  wovogwido  of  cutoff  troquoncy  u  <  u. 


It  tbur  ro-noins  ^far  tK« 


Up  qnd  ••  9  to  *M»ol/  obtain  tbo  pulrr  t  .  o*  «  wov#- 


puldo  cftd  o^^bnpOM  occording  to  (if*4(|  to  dbtoin  Ibo  pulM 


of  tbo  piotme  contod 


2e.  Pulf  Kipof  of  q  Loal^  Wovjuldhi 

Th*  output  ro^aponto  of  o  IomIom  guido  of  arbitrary  iongth  L  to  o  puliod  corrior  input  cKprotsod  by 
(11-30$  hoi  twon  obtained  by  R>  S<  Elliott^  using  a  Toylor  Mriot  approKimotion  for  tho  photo  constant 
^ .  Howevor#  rocont  work  at  Hoillcroftan  hoi  shown  that  tho  output  so  obtained  vldotei  cauwlity 

otnI  is,  therefore,  questionable.  Exe«t  treeHientt  hove  mostly  bean  in  the 
form  c'  intractable  integrals  requiring  tedious  numerieoi  integration  (tee  references  cited  in  Appendix  B) .  An 
exoet  treatment  giving  the  outr<«it  in  the  simplest  form  known  to-dote  ond  obtaiiwd  in  a  straightforward  foshion 
using  the  Lapioce  trorMform  method  !s  given  in  Appendix  B.  Thus,  if  the  input  to  the  guide  it  given  by 

(II-44»  e,(a  -  to[!(D-l(t-T)1  sinq^t 

then  the  output  *^(4  at  the  end  of  the  guide  ot  length  L  and  of  cutoff  frequency  {‘s 

(11-4$  e^(6 

wh*te  e^(0  U  given  by  (3$  of  Appendix  6  ond  e^  (l)  by  (3PeJ  of  Appendix  B.  These  results  ore  exoct  jnd  are 
in  dse  form  ef  e  t  anvergent  sue  of  letse!  functions,  which  ore  rxterwively  tabulated.  Several  exomple  cotes 
ere  oor^dereH  n  Appendix  5  end  some  generalizations  for  the  output  degradation  ere  given.  In  por^lculor, 
c  oomperiton  of  the  exact  Ouh)s4  vie  0$  of  Appendix  B  with  the  opproximote  output  via  Elliott's  method  for 
Hie  oota  of  e  itap  function  carrier  It  mode  (sec  figure  6  of  Appendix  B) ,  ond  shows  Hiot  the  lottor  output 
opprankMles  the  fomer  folrly  well  for  times  (yeoter  than  the  trcnslt  time  i/c.  however,  before  discussing 
this  cae^ta*'ltan  ony  further,  exoct  output  (11-4$  for  the  waveguide,  will  n^  be  used  to  obtoin  the  cxoct 
outpu?  for  the  pioame  cootad  cxitenno. 

Id.  txect  On-Axil  fulse  ot  Pleemo  ^  ootad  Aperture 

Using  (11-4$  (wilh  (Mfm  a  (3®$  ef  Appendix  $  ond  making  the  .eplocements  «  L 

gives,  vie  (li-4(|  and  (il-41)  for  the  emtet  form  ef  the  on  axis  radiation  flek'  ^  to  the  aperture  Held  0t-2J$  m 


(/■O 


^  c  r  **  D 


'■*2m+l^"' 


'l<-^  -  (l/O-^)] 


2in+l 


H.(>„/c*D  -]  J 

L''*(/„/c»n  - 


wh«r*  ®  cosh(2m+l)  G,  wlHi  co*0  »  Uo/«p»  )  Ii  the  Beuel  function  of  the  first  kind  of  order  m  and 

argument  x. 

Thus,  (11-^^  is  on  exact  expression  (for  >  ^3"  «  or-d  l'  =  for  the  output  on  axis  rodioted  pulse,  end 
con  be  either  m  ::.uually  or  electronicoll/  competed. 

2e.  Approximate  On  Axis  ^uiie  of  o  Piosma  Cooted  Aperture 

Use  of  (s;-40)  w’hi  |f^^jbein<3  given  by  the  opproximote  output  (Equotioo  (1)  of  Appendix  A)  vio 
Elliott's  Taylor  series  expcnion  of  the  phase  factor  (Appersdix  A)  con  be  used  to  obtoin  the  opproximote  on  axis 
radloted  pulse  shape.  If  ^  ^  ^  tingle  term  in  (ll-dCI  suffices,  ond  the  opproximote  output  puise  shopet 
ore  given  by  figt>re  ll'2  (tx+iich  is  figure  I  of  Appendix  A) .  It  must  be  emphasized  that  these  ihopes  ore  opprox 
mote  ond  their  occurocy  will  be  determined  by  o  t.xnporison  with  cor.tputotions  which  will  be  rr.ode  for  the 
exact  rodioted  pulse  via  (li-4d)  .  However,  it  is  not  too  unreotonoble  to  use  these  opproxin.otions  os  inputs 
to  Task  III  in  the  meo.ntime,  since  the  comporisons  of  the  opproximote  ond  the  exact  outputs  d<ie  to  on  i.^put 
step  furKtion  carrier  os  mocie  in  Appendix  8  (Hgure  6i  ond  olto  Appendix  A  (figures  2o  ond  2b}  ore  reosonoE^I# 
for  times  greater  thon  the  Iroreit  time.  These  findings  con  also  be  extended  to  the  lowy  cote  (v  4  0} ,  os  is 
done  in  Appcrsdix  C 
i!  3.  Corv^lutions 

The  exucr  expression  far  the  radiated  on  exit  pulse  of  a  vehicte  pioma  cooted  aperhjre  excited  by  o 

<  * 

Ciirrl^f  ft  givtn  .  Thli  •xpr««i!on  It  vdlid  -  <3nd  i'  •  0  offtd  orbi^rorv  pioamo 

3 


♦---J 


■«  if *2.  D«(^od#C(  Wov«forfy>f  '/lo  Approylffwt^  Solutior 


ih«ciHi  ittidcKMB.  It  raMaint  to  <Ki>nd  (hit  lolutkwi  to  tnciud*  (fw  coliltion  cote. 

An  «p(iraKi«MeHi  «xprM*lan  for  (ho  rorfiotod  on  oxit  puli*  it  givoo  by  (11-^0  with  givM  in  ih*  farm  of 
Eguotior.  (I)  of  Appendix  A«  If  w  >  2  ond  th*  ceiiitiorw  or*  01X111  Hw  muitont  opproximato  rodiotod  pulio 
#wpot  oro  of  the  form  of  figtoo  11-2.  It  hoo  boon  indiootod  that  lotulh  con  bo  oxpoctod  tc  bo  fbiriy  *■  onoblo  at 
input!  to  Todc  111  prior  lt>  lt>o  oxoct  compufotiont  using  (ll-4d} .  Tbo  opproximato  ratuitt  of  figuro  11-2  oro  alto 

oppllcoblo  to  plooiXH  at  vory  high  coltitionifAppfcndi..  C) . 

For  tho  COM  u  <  tho  rodiotod  pulto  romolra  to  bo  dotorminod  vio  (II-2S)  with  (11-2^  .  Additionolly, 

tho  Inelution  of  lomot  for  dl  rongot  of  oxeopt  thoio  contidorod  in  ApporMlIx  C ,  romoint  to  cotHidorod. 


il-4.  Rocommoodotioro 

In  cccordonco  with  tho  ovorol!  tcopo  of  this  progrow  and  tho  obovo  findings,  it  it  mcammondod  that  tho 
following  w«<rk  bo  purtuod  in  futuro  effort  on  this  fxogrom. 

1 .  Exact  on  oxis  rodiotod  puiio  computotifint  using  (il-4iS  for  rooiittic  rongot  of  and  of 

pioomo  dmoth  thicknow. 

2.  A  comporiion  of  tho  oxoct  rooults  of  !  with  Ihoao  using  tho  opproximoto  toiutlon  (Hguo  li-3  . 

3.  Obtoinmont  of  ort  r  .it  rodiotod  p>ilto  for  <  >^4^  and  arbitrary  V 

4.  Extonaion  of  obovo  roiuitt  to  any  point  in  tho  rodiotlon  Hold  of  tho  yohicio. 

5.  Extorxdow  of  ^bo^<o  tinglo  pwito  woHc  to  a  troin  of  puliot  and  nito  to  onologuo  tigrxilt. 

4.  Extonolaw  of  d I  d  tho  obouo  findlngi  to  woid<  amogonoom  piotMo  dmotho. 


TASK  III 


PERFC^MANCE  OF  COMMAND  AND  CONTROL  SIGNALS  THROUGH  RE-ENTRY  PLAf^MAS 

In  fhii  hiik  Am  pcrformoncc  of  Mverot  f/pes  of  commond  and  control  signals  hos  been  anal /zed , 
tokirg  into  occount  the  dispersive,  os  well  os  tb«  ottenuotive  nature  of  the  plasma.  In  the  following 
sectlom  the  plosmo  dispersive  effects  on  sigtxiis  is  analyzed  seporateiy  from  its  ottenuotive  effects,  tfie 
reuson  beitsg  thot  eo^  effect  requires  a  different  solution.  In  the  coses  where  oftenuotion  predominatiM 
plorimo  modifiers  (chemicol,  oerodynomics,  mogrsetic)  ore  predicated.  If  dispersion  predominates,  such 
os  could  be  the  core  where  the  sigrsal  frequency  is  olwoys  obove  tut  neor  plosmo  frequency,  then  the 
se'sction  of  the  modu)ati>.n  may  significantly  influence  the  quality  of  the  tronsmission.  This  tosk  Is 
divided  Into  two  sections.  Section  lll-l  corers  the  plosmo  dispersion  problem  orvd  Section  III-'?  the 
Oifenuotion  p  oblem. 

lll-l.  Dispersive  Effects  of  Re-v.ntry  Plosmos 

In  this  tosk  the  performartce  of  vorioui  modulations  hos  teen  onalyrec  toning  mfo  occount  the 
diqvfciive  rwture  of  the  plosmo,  plus  the  effects  of  white  oddifive  ,aussion  noise,  only  Sinory  dlgitol 
signcli  have  been  considered.  These  results  eve  bated  .>pon  the  pulse  r'-sfortion  of  figete  11-2.  it  can 
be  :hown  that  the  results  of  figure  11-2  are  valid  for  on  operating  frequerKy  obove  the  plosmo  resonont 
freqitervcy.  Alti  ough  the  pulse  distortion  prebiem  hos  noT  been  solved  below  plovno  frequency,  fh«  re¬ 
sults  os  preservted  'n  this  sec’ion  ate  representrjtive  of  some  communicotion  systems  operotirvg  in  the 
presirnce  of  o  plosnvi  medium. 

Chofwel  Perturbations  t»sd  Decision  Device 

Pertmbotions  in  the  chorsnel  responsible  for  errors  ore:  odditive  white  gouuian  rvoise  end  dispersive 
effects  of  the  plavno.  The  dispersive  nature  of  the  ploemo  infroshxes  intersymbol  usfluence  onvorvg  the 
»j>cc<tw)ve  pulses  of  the  digital  tigisol  with  the  result  thot  individual  digits  are  no  lorvgsr  indepervdent. 
Noits,  however,  is  oeiumed  to  be  independsmt  between  eucceaive  digits,  since  the  noise  it  generoteo 
pteckmifswtfly  in  the  receiver  "front  erwT  ond  does  isot  traverse  through  the  ploeno  medii.vn.  Upon 


dttvcfion  of  4w  ligniil#  o  dociiion  muit  bo  inado  oi  fo  wholbor  o  Mortc  or  ipoco  li  proMirtt.  This  function 
is  porfonwod  by  tho  decision  dtvico  wbicb  cglb  out  eioric  or  ipoco,  doponding  on  wbotbor  tho  porturbod 
sigmol  is  above  or  bolow  o  pre'  Oitablidiod  tbrediold  or  decision  ievol.  If  tbe  noise  is  gousslon,  ond 
lntori)ewboi  ?n(hrferonco  Is  absent,  dte  opHemm  throdi^d  iovol  is  holf  tbe  moxiinuni  onipiltude  «rhen 
AK  (Amplitude  Ktyln^  is  being  oonsldorod.  ly  optimum,  it  is  meont  tbot  tfiroiboid  which  minimizes 
tho  ovoroge  probability  of  orror.  Tho  folimving  ore  the  two  ccnditonol  probabilities  miipioyed  to  deter¬ 
mine  the  ovorogo  probability  of  error  for  Iho  ooheront  detection  AK  (Amplitude  Shift  Keying  cose. 

I 

<2 

7 

P(S||Mj)  is  the  pr«^«abiiity  that  o  space  Is  rocoivod  If  o  mark  is  trsav-Aitted.  is  the  probability 

that  o  moric  U  rocoivod  if  o  space  is  tranooitted.  is  tho  ovoroge  power  of  tho  hononittod  signal  and 
2 

2e  the  vorionen  of  the  goumlon  distribution,  is  the  noise  power.  This  thredtold  level  is  not  necessarily 
optimum  for  the  signal  environment  xmsldorod  here,  and  tho  oneiysls  illustrates  tho  degradation  suffered. 
All  systmns  onoiyzod  ore  ossumsd  to  bo  synchronized  and  the  reooixmd  digit  sampled  of  its  moxtmum. 

Tho  mode!  for  iremrsymbol  Intorforenco  is  ostobiishod;  the  conditional  probobiih’ios  above  ore 
genereiizod  to  include  both  interference  and  noise  and  the  e.'-er  proboblliHes  me  oelcwtated. 

Model  of  tntersymbal  interference  end  Colcutotion  of  error  Ihobo^liitles 

Eimmiaotlon  cd  Hgure  ii-2  reveoif  that  the  channel  can  hove  o  memcry  of  2T  for  o  denudation 
factor  0*1,  which  it  assuseod  fm  this  oneiysls.  Oming  the  intervel  hem  T  to  2T  die  overege  meplltude 
is  .3  of  the  pesA.,  edtereos  the  amplitude  ledueot  to  .  2  horn  7T  to  3T.  After  3T,  Nw  amplitude  of  the 

envelope  remeins  below  .  I  end  Is  neglected.  The  some  fifuse  else  d>osrs  diet  the  reloHve  decoy  time  is 
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•sftntially  tmkpmdtnt  of  tho  numbor  of  pultot;  pult*>  In  «ucc«)«tion  are  •qulvaicnt  to  on*  puli*  of 
duration  nT  In  lh«  flgtiro  with  a  roducod  distortion  parameter  o/n.  Hone*,  memory  time  deduced  above 
for  one  pulse  Is  valid  for  any  succession  of  pulses. 

Two  coses  or  models  ore  assumed  v^ilch  specify  the  nature  of  the  Intersvmbol  Inter¬ 
ference.  Cose  I  ossumed  a  uniform  pioano  of  finite  thlcknoM  through  which  the  alectromognetic 
wove  propagates.  Under  this  condition  it  Is  poisible  to  specify  the  intersymbol  In’orference  In 
a  completely  deterministic  manner.  For  example,  assume  that  the  sequence  SMM  (Spoce-MotV- 


MariO  is  tronenitted  In  a  Phose  Shift  Keying  (PSK)  system.  This  corresponds  to  shifting  the 
phase  from  0^  during  the  spoce  Interval  (with  respect  to  a  reference  )  and  to  180^  during  the 
mark  Intervols.  Since  the  system  under  consideration  is  llnew,  superposition  Is  applicable  ond 
the  smeared  spoce  will  Interfere  destructively  with  rhe  merkt,  K^reby  reducing  the  mark  signal 
amplitude  and  Increosing  the  probability  of  error.  The  degree  of  destructive  Interference  Ii  ob¬ 


tained  from  figure  11-2.  On  this  bosis  the  signal  amplitude  It  either  reduced  or  increased,  depen¬ 
ding  upon  the  trommitted  sequence  and  system  under  consideration. 

Cose  ii  ossumei  thot  the  i>Kite  of  the  Intenysnbol  Inteiference,  with  respect  to  the 
reference,  Is  random  or»d  con  occur  with  equol  likelihood  from  0  to  ?w.  The  results  of  Figure 
11-2  ore  still  emplo-red  to  obtain  the  amplitude  of  the  interference,  this  condition  could  occotstt 
for  some  rapid  spoce  and  time  vorlotions  of  the  pioeeo  characteristics- 

Since  the  channel  has  o  memory  of  2T,  the  cooditlono!  pr  j6obilltles  of  error  P(S  |  hO 

K  t  I 

ond  j  or*  o  function  of  the  post  history  of  morks  and  spocev  When  o  mark  or  space  it 
tronanltted,  the  two  arsvioue  dlgltf  will  Influence  the  signal  amplitude.  It  follows  thot  2^  te^ 
quences  of  marks  end  spaces  must  be  considered  to  determine  th#  overage  error  probability.  These 
sequersces  are  dKMm  In  T^le  I  end  labeled  X. 
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Th«  mark  or  ipac«  on  Hio  «rtnNM  right  U  •xcmtnod  for  0rror,  fokln^  into  account  oil 
possl^bit  can^lnatiocii  of  pravlous  marks  and  spaces.  Thus,  the  probabtrtty  of  on  error  In  the 
kst  dlgSt  of  ex^nce  h 

?,(5jiX^ -P0(^  P(S,jx^ 

Since  mwks  and  «poces  ere  osnmwd  to  occur  with  equot  Ukeithc/od, 

,  3 

PCXp-f^  1-1,2 - 8  (111-39 

and  the  total  eror*  prahoblhfir  Is  given  by 
3  - 

IXj)  ^  1^3)  |X^  ♦F(M  I 

jx-i+w  CIH  ^ 

* 

The  mfeKflfit  B  reiWlfUji  to  received  lywiMi  l»ot  h«wi  dro|yp4N^  from  now  srs,  whenever  c 

i. 

con^ttonol  jpvohablllfy  sccurs,.  ^enbol  o*s  the  left  of  the|«sjwoy?  f(rf«is  to  iwcelyed  dl^if, 
while  fhe  t/mboltil  m  ^  fight  refer  to  lionimitted  digltlEs^ .  5«  tequeftcx  1 , 2, 3, 5^  noli#  h 
the  only  pmfitfhln^  effect#  whefeo;  e'see^fy  the  font  KW«ks  or 

esocet  eonfrttnif#  to  the  dlftorfecnce. 


Error  ProbQbll{h‘»$  for  Specific  Modulotlon  Sch<iw> 

AK  (Cohort nt  Dotoctlon)  *  Comi  i 

rh«  AK  sy*t*m  hwimlf*  Information  ov«r  th#  chonnol  by  ktying  th«  tronfmlWor  on 
during  o  mark  and  off  during  a  tiiaca.  A  block  diagram  It  iba«rn  In  figure  lll'i*  Ar  the  rec^ivar 
the  signal  It  demoduloted  by  mixing  or  multiplying  the  received  signal  with  o  locolly  generated 
signal  of  Identical  frequency  and  phote.  The  mcrk-spoce  decision  it  made  by  means  of  a 
thresliold  which  U  set  at  a  level  equal  to  one-^hoif  the  received  signal  ampiltude> 

The  received  mark  has  the  form  cot  u^t  where  j^S  it  the  amplitude  and 

carrier  frequency.  The  |2  Is  Iricluded  so  thot  ell  the  systems  compared  will  hove  equal  overoge 
tronsmltter  power.  As  previously  ttnivfd,  the  error  probcSlIlty  mutt  be  determined  for  each  of 
the  sequences  of  Tolile  111-1. 


CM  w.  f 


Figure  in'-!  S»c*sr»jr  v  eci»r»si  Seteetiom. 


MMMr  SMM#  Soquancat.  In  thli  cow*  lit*  oniy  perturbing  •ff*ct  1i  th*  oddilHv* 
whit*  gouMfon  nolt*»  71.*  rsiip«etl¥«  conditional  prdbabilltl*#  an  oquol.  Thus 


^|X|)-Ks|x^-Ksj)9- 


i  f 


me>  • 


(<"  fls) 
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(111-5) 


p  / 

wh*f«  It  Ih*  lignol  to  nolt*  power  .titio  P^S  f  ^  2o^ 

SSS  S*guonc8.  For  this  can,  rtolt*  It  c^afn  th*  only  peiturblng  affect. 

tlonoi  probability  It 


P(Mi 


Xjt- 


-71 

2(»* 


Th#  condl- 


(ni-6cd 


MSM  S*qu*nc*.  Int*r#yrm?cl  lnt*rf*r*nc#  i«  present  In  this  cose,  ilrtc©  ?h«  cxtrefne 
(•ft  math  will  smear  ocrots  th*  space  and  Into  fh*  morh  which  Is  b«Ing  exomlned  for  error. 

Sine*  thli  U  o  coherent  systefr,  S<wrover,  ti»e  infersymb'-i  Interference  will  odd  constructively. 
From  figure  H-2,  the  ompHtude  of  the  intersymbol  interference  is  .  2  of  the  peok  omplltude.  This 
KHKHU  thof  the  peak  amplitude  of  the  m<»k  Is  fncrecsed  to  1 . 2\/l  $.  The  cofKlItloool  probabi¬ 
lity  of  error  Is  then  given  by 


(«  -  1.2>,'53 
-  -IP — 


d..  ij  \-.riUj7') 

‘I  \  ^ 


(lll-db) 


MMS  ond  SMS  Sequences.  E>‘jmlno»'3n  of  the  right  bond  tpoce  reveals  that  Interiymbol 
^ntsnference  Is  present  from  the  prevlws  mofkt  Th#  umpiUude  equcl  to  .  3  of  the  peck  amplitude 


Is  obhsined  from  fhp»re  H-2.  The  cortditlonoi  pr:i6obIiIty  of  en'or  tor  these  two  coses  is  etj^uol; 


Km! 
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(x-  3V7S) 


(III-7) 


M3S  Stquance.  This  condUlon  ti  lcl«nHcoi  h)  Htt  pravtout  saqu^nca  wUh  tha 
axcaptlon  that  tha  amplltuda  of  tha  Intanymbol  tntarfaranca  ii  •2«  Tha  conditional  probabi¬ 
lity  of  error  ti  givan  by 


Tha  totol  <IIglt  error  probability  Is  than  obtained  by  substituting  tha  conoitlortol  probabilities 


for  the  above  sequence  Into  aquation  OH"^  ylaloing 


P 
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-arf(.7J2l  )  -  2  eff(‘ 


(lll-S^ 


The  rssultcnt  error  probobiiltv  curve  for  Hds  cose  Is  plotted  in  figure  Ili-lO  c.nd  labeled 

Al^. 


AK  (Coherent  Detection)  -  Co^  II 

Let  K  be  the  ratio  of  Intersymbol  Interference  to  pecA  pulse  amplitude.  If  the  pnosa 
of  tSe  interference  os  compared  to  the  reference  slgrio!  occurs  ’^ith  equal  lllcelihood  from  0  to 
2»,  the  probability  density  fursetion  for  a  transmitted  marie  is 


Pix,e)» 


-  (x  “  V^5(l+Kcos®  ) 
.  —--^2 - 
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(UI-10 


ond  the  condlt’orwl  probobMity  of  a  space  occyring,  given  thof  o  morh  »<«  troramltted.  Is 


2* 

i  1 

i?  '?  ] 

j  1  -  erf (j  w  ^  ♦■2Kco'^ )  )  ■ 

L.  ^  *  J 

4 

p 

where  ^  is  the  signal  to  rsolie  power  rotlo. 

Likewise  the  prob<^i»ty  density  function  for  o  tTanawittact  space  Is 


Oii*n) 


Ply  ^ 
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(ill'?  2) 


arsd  the  condltlonol  prcfcrtbli'fy  ^  errer  P(fdl  S  is  given  os 


2»p  j — — . 

*  X  ^  "J  R  ^  "  2KcoifiJ  ) 


(lll-l^ 


Slf»e«  Hm»  av«ra0«  ov«r  0  is  htni  0  fo  2ir,  tK«  P($!  ^0  is  <K|uai  to  th«  P(Mi  S)  for  Idontlsoi 
voiiMt  of  K«  From  tHt  soquoneos  of  Tobit  |l-2,  fho  ovorago  orror  probability  is  givon  by 
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TKo  d)OV»  intogrois  hovo  boon  ovoiuotod  rMmoricoiiy«  ond  tho  roioltont  cur/os  ore  shown  in 
ftguro  ill-11  undor  fho  iaboi  AK^. 


AKtCincohoront  Dotoctlon) 

Tho  rocoivor  ompioyod  for  om)>iitudo  koying  using  on  incohoront  dotoctor  is  shown  ir  figure  III-2. 


L. 

/o/»e 

1  P  c 

^  r. 

1 

Figure  |||«-2  -  Receiver  for  Incoherent  AK, 


TIm  onvotopo  detector  tromlotes  tho  signo!  ond  noise  to  video  trequencles,  where  it  is  exomined 
by  o  decision  device  which  <:omists  of  a  pre-set  thresMd  at  o  voitoge  omplitudo  of  -1.  Energy 

i  f 

oxcood'^ng  this  threshold  is  do5lgnotod  as  o  mork,  u  Sfsoce  ercurring  when  the  energy  does  not 
Oxce4*d  tho  threshold.  Tho  soloction  of  the  threshold  at  one  hoif  th«  p«cA  signal  ornpHttidn  Is 
optimum  for  coherent  deti-cHon,  the  optimum  threshoid  for  lfiCon>>rent  detection  is  o  function  of 

p 

JL  which  Is  imonKtical  to  implement,  in  o  chonnel  where  the  di&turhonce  Is  additive  white 

N 

goussion  noise  the  difference  between  the  overage  probebttity  of  error  for  the  optimum  tnreshoir. 


64 


or>d  o  fhrsihold  at  it  cipf«r<Mimaf«ly  1  db  of  P/N  at  lo«y  tignol  to  rotlot.  At  high  P/N 

2  ^ 

(P/N  >4Jdb)  tK«  two  cirvoi  convory*,  tberob/  justifying  tb*  Htreihold  wriing  ot  for  th*  irv- 
cohorant  d^taction  cat*.  As  In  Hi*  provlout  anatytl*/  th*r*  or*  oigSt  combinatlom  of  and 
tpoc*t  to  b*  eomfd«f«d. 


MMM,  SSM,  SMM  Sacutncei 


Additiv*  whit*  gouuion  noli*  it.  th«  only  porturbing  foctor  in  Hiit  cot*.  Th*  conditional 
probability  of  *rror  it  given  by 


P(S/M)  •fl*  •”TT”  •  i  dx  «  1  -  Q(2 

o  J  o  2 


(111-15) 


MSM  Sequence 

intertymboi  irsterference  it  pres«'nt  in  tbit,  with  all  pbat«t  being  to  b«  lequally  lik*iy. 

Th«  conditional  probability  it  given  by 


r  I  2»  — H~  cctf^  r 


TKii  integiol  Kai  been  •valuoted  numerically  ond  the  reiult  included  in  the  determinoticm  of  the 
average  error  probsbitity. 

$$$  Sequence 

Noite  it  the  only  perturbing  foctor  in  thi.  teguenc*.  The  conditional  probobility  i»  giy.n  by 


P(AA/S  -  j  e"  2e^  dr  -  e"  2  "R 

%  ^ 


(lit-l/* 


SMS.  MMS,  M55  Soquencfts 

In^iHTtymboi  Inferftrenc*  plus  noiM  or*  present  In  these  seque.nces.  the  omplihide  of  the 
intersymboi  intwrference  beinfj  .  25  of  the  pedt  on^titude  for  SMS  and  MMS  ond  .1  fw  the  MSS 
The  conditionoi  probobMIfy  U  gtven  l!^ 


fKM/a 


{ 

QL2h 


P 


The  overage  probobiiity  of  error  U  plotted  in  figure  tlhlO. 


PPM  (Puise  Potiti<y>  Modulotion) 

The  performonce  <af  pulse  position  mocbiotion  is  compared  with  the  other  binary  systems  on 
a  quantized  basis.  Mork  and  tpccm  ore  transmitted  by  comparing  the  time  position  of  o  digit  to 
some  reference.  Figure  IM^T  iiluttrctes  o  pouibie  transmission 


TiMiNGt 

R^ri'RiNCS: 


Figure  1 1 1-3  -  PPM  P-jlie  Tmi' 


in  figure  U!-3,  if  energy  U  trorwmitted  during  the  first  half  of  o  rime  slot,  the  signal  is  inierpreted 
03  o  mark#  whereot  if  energy  is  trorumitted  in  the  second  hoif  the  signoi  is  coiled  o  ipoce. 


The  receiver  employed  for  PPM  Is  shown  in  figure  MM. 

y 


c>c- 


Figure  tIM  -  PPM  Keceiver 


Thu  It  on  incohorant  rtatectlors  ichama  \aher»  on  envolope  dofactor  It  employed  K>  convert 
fha  racalvad  tlpiKii  to  video  fraq'janclat.  Two  ximpiat  m  token  per  time  ilot;  one  ot  the  ’’center" 
ot  the  time  tiot  oftar  which  the  low  pan  filter  (LPF)  or  Intagrotor  U  dfichorged  «>d  one  ot  the  tarml- 
notiion  of  the  time  tIot.  The  two  tomplat  ore  compered  by  the  daciiion  device  and  the  lorgett  it 
datignotad  ot  the  mott  likely  tlgnol  trontmltfad. 

Sine?  thit  if  on  incoherent  tronimialon  the  intars/mbol  Interference  caused  by  d-'^perslon 
results  in  the  addition  of  tlgrtsls  at  any  phota  from  0  to  2w,  oil  phosa  angles  are  ossumed  io  be 
equally  likely.  Figure  III-5  lliustrotet  the  ponible  coftilnetion  of  morkt  emd  tpoces  conildered  oiorig 


with  the  intersymbol  Interference. 
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-  r//1/A^a  R£F£RfNCr 
OECISION  imPLtNd  TIME 

C(Xit  1 


Cm*  n 


CaiC  m 


X  • 


This  raioiion  cannot  bt  iolv«d  In  cioMNi  form  and  an  opprOKlmohr  lolwKoti  It  obloinod  by  eoml* 
daring  niglit  diicroto  pKoao  ar)gl«i|;  thot  it<  phoM  of  Hm  inlonymbol  InNtrforonco,  wilfi  rtipact 

f©  truo  signal,  is  tolcon  ad  0°,  i5®,  ♦  90**,  135®,  1®?®.  Tboso  pOMibiliflot  or#  oil  considorod 

oqvfo'ly  llkoly  ond  on  ovorogo  is  o^oinsd  to  dotormino  Hm  cortd4'0nai  probobil'ty  Mrhicfi  «i  giv«n 
by 


1  L'-Q(ll*v2»2kco.r.;  ♦iu[l.,^24 

n-O  * 


CO*r  ' 

n  N 


B  t* 

k  is  tokon  os  .25  of  rtm  pook  omplltvd*  and  k|  os  .35,  ~  corsditionol  probobliity 

of  orror  for  cosos  III  and  tV  or*  glwn  by 


P  (M/S) 
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Cos*  ill  (111-21) 


It  (SIAJI)  •  -  [l  -  Q(  G  ,  k.  JZ  '1  ♦  1  Q<I'3'|Z  ,  \[Z  1 

whan  k^  «  .  35.  Tb#  ovorogo  probobillfy  of  ofror  Is  ffn'o  gJvon  by 


Cooo  IV 


P  »  t/4  tP  f  *  P  *  P  I 
•  ^  n  II  III  IV 


Tbis  roswit  is  plottod  in  flgwro  lilolO  vanus  P/N. 


FSK  Cos«i«  A  dtogrom  of  th*  FSK  re<?efver  ti  shown  In  il(-6o. 


If  ft  nocetsory  fo  examine  only  fhe  f'lit  four  sequences  of  Table  lll-l  In  order  fo  colculafe 
fhe  overooe  error  probablllfy,  sirrce  the  corKhflor>al  probublllfy  of  error  for  the  lost  four  sequences 
hove  their  Identical  counterpart  In  the  first  four  tequences- 


MMM  Sequerice.  Noise  Is  the  only  disturbance  In  this  sequerKe.  The  probability 

1 


density  In  the  morh  and  tpoce  cnunrNilt  are  given  respectively  by 
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(UI-23) 


2  2 


2a^  (111-24) 

The  decision  device  examines  both  chonne!s>  ar>d  o  morh  or  space  decision  Is  mode  on  the  bosis 
of  which  chorvrel  has  the  lorgest  signal.  The  corvditlonal  proboblllty  of  error  Is  then  given  os 


1.  boveoport  ond  Roct,"Rondom  SIgnoli  ond  Noise",  McG’ow  HI!!  Co. ,  New  Yoric,  1958. 


lll-6a  -  FSK  R•c•!v»^^;gn-ColMr•nt  DttscMon 


How*  lU-^  -  Wwwr  Diagram  for  MSM  Soquortco 
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SMM  ond  SSM  S»qu»r>ce.  No!i«  plui  fnhinymbol  InNrferenc#  an  prtMnt  In  fh«s0 
sequences.  A  decision  In  this  cose  must  be  In  the  presence  of  the  decaying  signal  in  the  spoco 
channel.  The  conditional  probability  of  error  Is  simllor  to  the  previous  cose,  except  thot  the 
probability  density  function  of  the  space  channei  Is  given  os 

XiKS 
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The  appropriate  amplitude  K  most  be  used  for  eoch  case.  The  conditional  probobtllty  of  error 
Is  given  as 

-  •  -l-T— 
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These  Integrals  hove  been  solved  In  terms  c/  Q  furKtlons  ; 

P(5|Xj).  Q 


where 
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orsd  is  tob  vloted. 


2.  S.  Slein,  "Unified  Anolysis  of  Certain  Noo-loeol  Coherent  ond  Nor.-Coherent  Binary 
Communicotioni  Systerm” ,  Sylvonlo  Applied  getearch  Labomtory  Keport,  Decen^r,  1967. 

3.  J.  I.  Morcum  and  P.  Swerlinoy  “Studies  af  Target  Detection  by  Pulsed  Rodar*^  iR£  Ifr^mioctTons 
on  in(ofnwtlWVW)ry,  Vw.  IT-^,  No.  7,  AprO  I960,  p.  717, 


MSM  ExomlnciHon  of  fhli  s«qt»enc0  show*  Infenynibol  Iriforfereneo 

it  pr«t«nt  in  both  th«  inark  and  tpoct  cKann«li.  A  photor  ritogram  of  ib«  n^irk  chon.iai  It 
ihown  In 


TH«  probability  dontify  function  It  found  to  b« 
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This  intograi  hot  not  boon  tvoluotod  in  clctod  form*  tiowovor/  It  con  b«  evoiuoted  for  tho 
worst  tituotion  whor*  Intorferonca  In  the  nvork  chonnoi  it  100°  out  of  pbote  with  tho  tlgrioi. 
Tho  conditional  probability  for  rhit  cost  It 
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Th«  av«rao«  error  probobiilry  for  the  FSK  cote  It  then  piven  os 
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p(si X,)  >  p(s|  Xj)  ♦  P(s|  X3)  P(sl x^; 
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tince 


P(MjX,)  -  P(sjXj). 

The  retuitont  errcr  probablift;'  eur^/e  It  diown  (n  finure  1 1 1- 10  u»ichff  tite  icbel  '^SK* 


(lil*33> 


PSK  (Coherent  Det^cHon)  -  f^ote  I 

rhe  phote  th*^f  keying  (FSK)  receiver  coniljh  of  0  iocoHy  sjenerated  referei«:e 
jigiioi  wrhich  I*  composed  to  the  received  ligno!  !n  a  tyncKroriw*  detecfor.  The  output  of 
die  detector  ii  either  a  potitive  or  riegorive  volto^e  depending  on  the  phcte  of  the  received 
tfgnol.  Of  dicwn  In  Hgyre  jji-7 

The  »nieo»ed  puiie  wH!  elthet  odd  corwtructlvely  or  detrructlveiy  to  the  digit  ',;nder 
com  I  derot  (on,  dependl^ig  upon  ttm  phote  of  the  prevlcut  digit.  The  onolyiU  It  simlior  hi  the 
AX  modulotlon  com  with  the  exception  fhot  (he  decliton  tlwethold  it  Mt  at  xero.  Only  the 


flrw  fowr  of  Tobia  lll-l  hwa  fo  ba  examined  to  oalcuiote  the  conditlenol  probability; 

in  the  FSK  case,  the  remaining  four  hove  Identical  counterporti  In  the  flrit  four  leguencet. 


MMM  Sequence*  Nol»e  Ii  the  only  perturbot’on  In  thli  sequence,  cod  the  condi¬ 
tional  proiMiblilty  af  error  Is  given  os 

r 


P(SlX,).2 


fm-34) 


SMM,  SSM  Sequences.  TT*e  interfering  space  Is  180®  ot.  t  of  phase  wf»h  the  mark 
being  examined  for  error  and  adds  dejtoictlvely  to  It;  Its  amplitude  Is  reduced  by  .  2S  ond  .  3S 
respectively  for  the  SA*^M  and  SSM  sequence.  The  conditional  probability  of  error  li  glvnn  os 
PfSiXj) 


PiS\X^ 


I  erf  (l-X) 


Vn 


(i!i-3a 


where  H  a  oppropriote  K  Is  used  for  eoch  sequence. 

MSM  Sequence.  The  tore!  Intersymbol  Interfe'ence  for  this  sequence  reduces  tfio 
mark  omplltude  by  .  1.  The  condltloool  p^oixbfiltv  of  erro^  Is  given  os 


n: 


P<Sj  X.)  -.L.  I  1  -erf(.9/-T 
^  2  [_  Vn  J 

The  ovefoge  error  pfobat’ility  for  P5K  Is 


(HI -36) 


®  8 


^  )  -  •rl  (.  5^-  )  I 


orxj  ]»  plotted  in  figure  IH*  iO  under  the  label  PSK.*- 


PSK  (Coherent  r>*tectfo«n)  -  Cote  II 


If  ttje  jahose  of  the  Intentywbol  laterferer^#  U  fondom,  condltlorKfi  probofefiit;- 


tor  any  trofwnifted  sequence  Xjj 


(Hh3^ 


?1f  I  I  a_  ^"1 

^  jf  2  )  1 -tffdJio +  icc«ci  )  Ida 

Zw  2  i-  I N  -i 

Agcilnv  rt>«  opprspriot*  K  mwirf  (mi  uti»d  for  oech  loquonc**  Th#i«  tnfagfoli,  os  b  H»<*  AK  o<s*s, 

mwiT  b«  inNprcdod  nusnsrleoily. 

Th«  •rrer  probobrlffy  U  Hhi  turn  Hm  iolnt  proboblllf'** 
i 

Pfrsixp  Kxp 

I  *“  i 

ond  )»  diown  in  figt^'O  Hi**!!  undor  the  label  PSK*. 


DPSK  (ir^^oherent  Detection) 

Dilfetentlol  Phene  Shift  Ke/ing  (t^SK)  conveyi  Information  by  comparing  the  j>ftu»e  of 
waciimive  digits.  A  phn*e  shift  of  130^  between  two  digits  tljsignctej  o  mork  and  (f*  phase 
ihli^  o  ipoce.  A  •f:epnfied  block  diogrom  ol  Hse  receiver  is  »>own  if*  ftg^i'e  Ih-S. 


figure  lll»0.  0P5K  Recei^rer 

The  delay  line  thown  in  the  figiam  Hos  a  delnv  t'f  the  time  durotioo  o*  w>e  digi^.  The  delayed 
digit  serves  os  the  mixing  I'gnot  for  the  tvccessivd  digit  where  th«  mixer  oo^t  is  positive  if 
there  is  «so  phoie  revenol  and  negative  when  o  pl»u«e  revereoi  is  prewint- 


A  f^xnor  diagram  of  ^  way  tn  which  a  docUion  it  roochod  it  ihwm  in  flgurt  lli•*9.  This 


mark  it  used  os  reference,  it*  phase  artgle  being  0  degrees.  When  noise  is  considered  fhe  refererco 
phosor  has  an  arbihory  phose  anc’e  0.  If  Ihe  sigrtol  thaf  it  to  be  compored  to  the  reference  phosor 
has  a  component  180°  out  of  phase  with  ^he  reference,  as  shown  in  figure  III-9,  it  will  be  corwidered 
a  space,  whereas  if  It  has  a  coi'Rpooent  vs-  phase  with  th^  reference,  it  will  be  considered  o  mork. 

When  intersymbol  interference  is  taken  inro  oc*.  -xint,  the  mognitude  of  the  spoce  and  mark 
phosors  cB’e  no  lof>ger  ec^al  to  S  in  some  cases.  Wher?  the  magnitude  of  the  reference  stgnol  is 


taken  to  be  A  S  mid  the  magnitude  of  the  sigr>ol  compored  to  the  reference  ilgnol  ii  B  *  S,  the 
conditional  probability  of  error  con  be  shown  to  be 
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S  SS  Sequence 

hk4se  is  the  only  perturboticn  in  fhU  cose;  tfierefore,  A  and  I  ore  e<^i  to  unify  ©nd 


A 


(111-41) 
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P(M/SSS)  »  i  •“  N 
2 

Ortif  S«qtjfic<t 

Table  lll-I  fith  th*  values  of  A  end  B  for  all  H»e  tequencei  which  neceMcrlly  have  to  be  taken 
Info  eomlderotlo''  oecoute  of  Intenynibol  interference  ond  noiie.  Since  equation  111-40  cannot  be 
folved  In  e!v»ed  farm  for  tequencei  other  thon  thote  where  A  U  equal  to  3,  e.  g. ,  the  SSS  or  t  ’MtA 
•equence*/  the  other  sequences  must  be  numericoily  colculoted  on  a  dlglfoi  computer ,Qn  IBM-1620 
!•  •mpioyerj  for  this  piep*^.  Thus  for  all  cases  hove  been  soi«^d  except  for  the  SMS  ond  A4SS 
sr^quencett 

After  the  heo  remolnirtq  coses  hove  been  solved,  fhe  o\eroge  prchobilhy  of  erfor  can  be 

eoiculofed  by  sitrtply  «r  ‘'voging  the  poboblitty  of  error  for  eoch  ratio. 

N 


4«  C.B^  Cohn,  “Perfdrmence  of  DIgite!  Phoee  Modulation  Curnmuni.-otion  Systems",  IB£ 
TrerttacHont  <m  Commwnieotlon  Systems,  Vol.  CS-7,  op.  3-0,  i959. 


TABLE  III-2.  P£  for  Ail  Sequences 


Sequence ;  A 


sss 


SSM 


SMS 


MSS 


MSM 


IS 


MA\M 


.7 


.7 


.8 


.7 


N 


.8 


.9 


.  0476675 


.  1309012 


.16^85 


.  M53122 


1040949 


T7T 

N 


00916 


. 03785887 


. 0544797 


0442<)09 


,0228943 


_P 

N 


10 


000C250 


.001323732 


.0020831 


.0015026 


16406295 


.8 


i:93?2 


09895 


.0003007 


,  054336571 


.0021334 


0289  U8  i  .C004396 


,0194 


0CJ16 
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=•  18 


.0000260192 


,00001639 


0000079044 


,00000077 


,  000041 7f}6 


.80656  X  10' 


Averoge 


.1243024 


.0339135 


0005'96 
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Figure  lli-ll 


OiKUMlon  of  Roiuih 


in  figure  lii*IO  Hie  performance  of  Ak  (coherent  ond  incoherent  cletectiori  ,  PPM,  FSK  and 
PSK  (coherent  ond  Incoherent  defectior)  are  compared  in  tenni  of  Hie  averoge  proirKibility  of 
etror.  The  performonce  is  iiiui^roted  by  the  variotton  among  the  modui  jtion  systems  in  the  dis* 
persive  chor^i  along  with  Hie  performonce  of  these  systems  in  the  white  goussion  noise  chonnel. 

In  tf.e  dispersive  channel  the  perfoniiemt:e  It  determined,  assuming  that  the  intersymbol  interference 
is  deterministic  In  <:ine  case  and  random  In  onother.* 

It  is  seen  (hat  AK  suffers  the  greatest  performance  degradation  because  the  decitio'i  threshold 
which  is  maintained  ot  SZ-T?  is  no  longer  at  its  optimum  level.  The  performance  could  be 
improved  somewhat  if  this  level  were  increosed.  It  is  importont  to  note  that,  in  the  presence 
of  intenymbol  interfererKe,  the  performance  of  AK  is  below  that  of  FSK  In  spite  or  the  foct  thot 
coherent  detection  it  used  with  AK  while  the  FSK  system  is  non-coherent.  The  performance  AK 

with  coherent  detection  ond  AKj  with  incoherent  detection  converge  In  the  diipetflve  chonnel 
for  high  signal  to  noise  rotio.  The  relotlve  degradation  of  PSK  Is  opproxlmafely  2  db  and  slightly 
less  thon  2  db  for  FSK.  Degrodotion  of  PPM  is  greoter  than  that  rjffered  by  FSK  In  spite  of  the 
fact  tliot  their  performance  is  identicol  in  the  goussion  channel.  PSK,  however,  remains  superior 
to  the  other  modulation  types. 

in  figr^e  llhl  1 ,  error  probobilities  ere  compared  for  the  same  coses  os  above  except  thot  the 
phase  o(  the  intersymbol  interference  Is  taken  or  mndom  to  occount  for  ptxsse  jitter  coused  by 
rondom  voriotlom  of  Hie  medium.  In  this  cose,  the  performerKo  degrodotion  is  leu  thon  In  the 
previous  cose.  This  it  reodily  understood  by  examining  the  post  history  of  mcrki  and  spaces. 

Thus,  fer  on  AK  signal,  conditional  error  probability  is  reduced  for  Hue#  of  the  seguencet  if 
the  intersymbol  interference  phase  is  rondom.  These  segue. M;es  ore  MMS,  MSS  ond  SMS.  For 
o  PSK  signal  lliere  ore  two  seguences  (SAAM  or  Ow,  SSM  or  OOs)  for  which  the  conditionol  probability 
it  reduced.  AK  it  ogoln  degraded  to  Hi#  extent  where  FSK  it  superior.  Hie  crou-over  poir#  occuring 


ot  o  P/N  of  1 2  db.  FSK  opain  remolnt  superior  to  FSK,  AK  ond  Pf  M. 


Informotion  Rote 

Another  method  of  comparing  communtcotion  system  performance  is  given  by  the  rote  of 
tronsfv'tred  informotion.  Since  uncoded  systems  cn^  being  onoiyzed,  the  informotion  rote  I, 
in  the  absence  of  the  interference,  is  equal  to  the  transmission  rate  1 A  bits  per  secorsd.  where 
T  Is  the  duration  of  a  digit. 

The  uncertointy  or  Informotion  loss  co  jsed  by  channel  interference  Is  given  by 


H(y|x) 


=  2  i=2 


(111-420 


where  x.  «  transmitted  bit 

I 

y.  =*  received  bit. 


The  conditional  probabilities  ore  effected  by  the  previous  *<vo  oits  or  digits  whether  they 
are  morks  or  spaces.  Therefore,  the  joint  probobillty  P(y. ,x.)  is  the  lum  of  joint  probabilities 
I  where  m  denotes  any  of  the  sequences  of  Table  I  with  fhe  some  lost  digit. 


(“(yil-;) 


P(x.)  ^ 

I  m»  1 


y  P(y  y  P(y,|x.  )  P(x.  )  , 


(!  11-43) 


The  unprlme  symbols,  e.  g.  ,  AK,  refer  »o  lignol  plus  noise  without  intersymbol  interference.  Tfwt 
prime  ond  double  prime  refer  to  the  some  signal  with  intersymbol  interference  of  c  deterministic 
phoie  (AK')  ond  reridom  phote  (AK")  respectively.  ^ 


wh«r«  *  trommlfhid  with  soma  lost  digit. 


P(Xj^)  ■  probdblllty  of  x^^  saquanca  baing  tronwnittad  *=  1/8, 

Kxj)  ■  probability  of  digit  Xj  baing  tronanlttad  =  l/2. 

Tha  rota  ot  which  Information  Is  baing  tronsmittad  through  the  chonnal  Is  than  tha  raceived 
ovaraga  Informotion  par  digit  minus  tha  Informotlon  loss  par  digit  bacousa  of  chonnal  interferanca. 
Tha  racatvad  Information  Is  given  by 


H(y)  =  -  y  P(y;)log  P(y.) 

\  2  \ 


(111-44) 


•  -  y  (y  p(y./x.)  iog^(  y  p(y,,x.) 


(IIM5) 


I  ' 


Tha  tronsfarrad  inforjnotioo  rota  it  than  given  by 


Kx>y) 

T 


H(y)  -  H(y}x) 


bi  ts/d  ig  i  t/jacood . 


(111-46) 


THa  retults  ora  »i?own  in  figura  111-12;  the  uta  of  rha  honsinformoticn  critailor  in  cunpofing 
systam  p«rrfom>anca  laodi  to  tha  loma  results  os  those  obtoitiad  from  tha  error  probobillty  curves 
of  figures  111-10  or>J  ni-1 1. 


cf  R«-«inlTy  Plornca 

Ai  Q  for*runrwr  of  o  lystvm  analy>ii,  a  |3r«iifntnary  tnvoitigotlon  of  attf^/tuotion  boffi  or  UHF  and 
at  C-bond  {i  protonic.  For  iHlt  rotya  of  fwqutncy  ond  tor  th«  ranintry  mfulom  daicribad  !n  Totk  i# 
ihm  trmmf^r  fvnafton  «t  tfia  ^offiotlon  point  rodwoot  m  iSown  In  ApfwndiM 


20  log|G(i^  I 


.a«84  — 

(I* 


db  -<*  6  db 


A  plot  of  tbli  function  ogoIrL*  altituds  ii  diown  In  f!gur«:iI-13for  two  froquoncle,  2.  2  kmc  oftd  720 
MC.  THo  plot  it  Indicotivo  of  tf>o  ortentfotlon  introducod  by  tfi«  ploimo  tbootb  when  oxcited  by  a 
roctongul'^r  slot  ontonnc  locotod  n&ar  H>«  stognatlon  point.  Tho  Incroatod  rransmiuion  at  150,000  f««r  is 
du«  to  a  dncrooM  of  •xh'omo  ottonuotiom  or*  notxfroliy  du«  to  tb*  location  of  lb«  ontonno  nocw  the 
stagnation  point.  A  rooilstic  anolyits  muit  of  nocossity  glv«  similar  colculotions  for  different  ontenno 
iocotioo*.  One  important  conclusion  con  be  drown  from  tbeie  results:  VHF  performs  better  than  $  bond 
os  long  os  both  firequenclet  are  below  p!.amo  resonance/  simply  oecouse  the  ratio  u/ult  larger  foi  i&wer 
frequertcies.  As  well  kfwwn  from  plorw  wove  theory,  the  dep^es  uf  *ollition  in  th«  plosmo  ■:  measured 
by  tz/uand  the  higher  the  collisions  the  lower  the  ottenuat>on  ond  reflection  coefficient  of  the  plosmci 
iheoth  os  i  .yng  os  «  <  w  . 

r 

t'hhjroV-f,  if  one  u  foced  with  simitar  ottenuot'on  levels  for  other  ontenno  loeotions,  the  choice 
of  modulotion  is  irrelevant;  the  only  porsoceo  is  to  select  lultxsbie  modifier  (chemical,  oerodyrKmWc 
or  mogrieric)  which  will  restore  tronimlMlon.  In  f'rfijre  work,  the  effect?  of  plovrto  modifiers  will  be 
in/estigoted 

A  preh.nifiary  system  osxslyiis  wi»  also  performed  In  which  on  ontenna  location  near  the  oft  end  of  the 
RfV  wos  ossowed  ond  compored  to  the  performonce  of  o  system  with  the  cnten/w  locoted  of  the  itognotion 
point  for  n  carrier  frequency  ot  2.  2  Kmc.  This  onofyvls  gives  cm  inelght  into  the  range  of  the  ottenuotlve 
effects  of  the  ptavno. 


The  following  model  was  chose;,  fo  demonstrate  the  effects  of  )+<•  plasma  on  a  transmitted  signol: 


Model 

5-wjtt  tronsmitter 
Optimum  3500  mile  trajectory 
B  ®  drog  coefficient  =  1200 
0  ~  re-entry  ongle  •=  24.  2^ 

R  =  effective  REV  rodius  10  inches 
F  *  rioise  figure  ®  8, 45  db 

“  Anten  m  gain  ct  trar^smltter  “  0  db 
Gj,  ®  Antenrva  gain  ot  receiver  ®  48  db 
6  "  l-F  Borxtwidtti  1  me 

The  obuve  peromeieri  were  used  for  both  antenno  locot^oos  except  tor  the  plosrra  fhicxness.  If 
ds  is  the  piiismo  rhickne''  ot  ine  stogootior.  point  ond  dn  '  the  plosmo  huclcnefs  ot  the  aft  end,  then 
the  relotior^  used  between  do  ond  ds  is: 

do  ®  6  ds 

figures  111-14  and  lll-l*'  show  o  comporiion  of  plosmo  tronsfer  functicft  jG(J  j  and  signoi-to- 
nolse  ratio  ?, 'fJ  vs.  oifitude  for  the  two  antenna  tocctions.  It  ij  seen  from  r.iese  figures,  thot  fh?  system 
perfofmorsce  is  crltlcoHy  dependent  upon  the  ontenne  location.  Hence,  i*  occurote  predictions  ore  to 
oe  mode  about  the  peeformorKe  of  communications  and  survelilonce  sigr^als,  on  occurote  ond  realistic 
,  3 -entry  plovna  model  must  be  obtairsed  ot  locatlore  other  thon  the  stegrvation  point. 


ALTITUDE 


I-F  SIGNAL-TO-NOISE  RATIO 
VS.  ALTlTUOt 


P  N  -  db 

Figure  Il}-1  5 


SECTION  III 


CONCLUSIONS  AND  RECOMMENDATIONS 

In  the  pr«Mnt  on  attempt  hot  been  mod*  !  orrlv*  at  on  occurate  model  of  the  re-entry 
plasmo  ond  ih  effects  on  communication  and  surveillance  signals.  Tbe  study  consisted  essentially 
of  three  ports. 

In  the  first  port  calculations  were  mr.de  to  estoblid)  how  the  plasma  parameters  which  affect 

electromagnetic  signals  vary  during  the  re-entry  course.  It  was  shown  that  ot  the  stognotion  point, 

both  plasma  freg'Mncy  and  collision  frequerscy  increase  rapidly  os  the  vehicle  comes  down.  The 

plasma  frequency  reaches  its  peak  value  before  the  coilisio..  frequerscy.  The  peak  value  depends 

11  12 

strongly  on  the  vehicle  ballistic  coefficierrt  and  is  between  10'  and  10  cycles  In  all  cases.  The 
plasma  st.sath  variotion  with  altitude  was  also  colculated  and  vot’nd  to  be  approximately  of  the  ordsrr  of 
5%  to  6%  of  the  nose  cone  radius  artd  irrereasing  with  decreasing  altitude  down  to  50,000  feet.  1‘he 
major  limitation  of  this  study  lies  in  the  lock  of  data  owoy  from  the  stag.wtion  point.  It  is,  therefore, 
recommended  that  a  similar  analysis  be  performed  at  other  vehicle  positions,  taking  into  occount 
the  non-hemogeneity  of  the  plasma  sheath. 

The  secortd  port  of  the  study  conceriwJ  itself  with  the  establishment  of  a  model  of  the  cortvnuni- 
cation  systnm  for  the  plovno  dieothed  re-entry  vehicle  to  ground  poth  ond  the  obtoirvrrent  of  the  effective 
tronsfer  furction  of  this  poth.  The  tronsfer  function  so  obtoined,  relotes  the  temporal  Fourier 
tronsfoems  '»f  the  input  ontenno  field  of  the  vehicle  to  that  of  the  radiated  field  produced.  This 
trorssfei'  furction  for  o  lirsear  polarized  aperture  antenna,  coated  o  Komogeo.  oj  ploimo  ifieoth, 
for  the  c*nr  of  o  vehicle  hoving  a  large  rodius  of  ctcvoture  with  respect  to  the  operating  wavelength 
it  given  by  (ll-2<5)  ."or  on  arbitrary  for  field  point.  For  the  case  of  on  on  axis  far  field  point,  and 
for  i'  with  V  eroll,  the  fursetion  con  be  i-educed  to  the  form  (11-35)  .  The  on 

axis  •wlia?i'>d  Reid  it  then  given  by  (11-37)  for  nny  type  moduloHon  of  the  excitirsg  ontenno  field.  Fcr 
the  COM  uF  on  RF  pulse  of  carrier  frequerKy  or>d  of  arbitiwr^  duration.  T,  the  exoct  on  axis 
tnpiated  fi  sid  produced  it  c  >«r.  by  (11-46) .  Examinotlon  of  (11-37)  orsd^or  (11-46)  show  thot  the 


radiated  field  comith  of  a  loperpoiltlon  of  componentt  of  'ecreoiing  amplitude  correiponding  to 
tuceexive  interfoce  reflectior*  to  the  Aeoth.  Eoch  loch  component  It  identicol  to  that  of  a  wove- 
guide  of  length  corresponding  to  the  number  of  Interfoce  reflections  undergone,  ond  of  cutoff 
frequency  equal  to  the  plasma  frequency  of  the  theoith.  The  exoct  output  of  such  o  waveguide  Is 
determined  in  Appendix  I,  while  on  opproximote  form  for  this  output,  boMd  on  Elliotr'i 
worfe,  is  giv-en  in  Appendix  A.  For  volues  of  time  greater  than  the  tromit  time,  a  comporlson 

of  the  exoet  ond  <q>proximate  wov.sguide  outputs  for  o  specific  cose  reveal  that  the  approximate  solutions 
ore  reosonoble  (see  figure  6,  Appendix  B) .  As  such,  for  2  and  P  small  »he  opproxi¬ 

mote  on  axis  pulse  shapes  are  given  by  figure  11-2,  for  a  poised  carrier  antenna  input.  These  curves 
show  thot  the  fxilse  degrodotion  increases  with  on  increose  in  plasma  sheath  thickness,  a  decreose  in 
u^Up,  ond  a  decrease  in  the  input  pulse  duration,  T.  However,  the  extant  of  the  correctness  of 
the  shapes  of  figure  11-2  should  be  determined  by  o  comparison  with  the  exact  computotioos  of  on 
oxis  rodioted  pulse,  os  given  by  (11-46) .  This  remains  to  be  done. 

Additionally,  the  determination  of  the  rodioted  pulse  for  the  cose  of  u^/Up  <Y^  arbitrary 
p  remains  to  be  determined  by  solviiig  (11-25)  •  For  the  core  of  high  P  and  ^  2  the  opproximote 

on  oxis  pulse  diopes  ere  determined  as  for  no  collisions,  in  occordonce  with  Appendix  C  of  Toik  11, 
which  shows  thot  for  all  other  parame‘  constant  a  high  collision  frequency  will  decreose  the  pulse 


degrodotior. 


Based  on  the  overall  purpose  of  this  progrom,  orsd  the  above  conclusions,  it  is  recommersded 
that  the  following  items  be  included  if  future  efforts  are  contemploted  in  this  progrom. 

1.  Exw'.t  on  oxis  rodioted  jx  lie  computotiofv*  sing  (M-46)  for  realistic  ronges  of  i*/«p  > 


ond  of  ploima  ihecth  thi  :kness. 

2.  A  c«»nparison  of  the  exoet  results  of  1  with  those  using  t^e  opproximote  lulutlon  (figure  l»-3  • 

3.  Obtciinmenf  of  on  oxis  redloted  puise  for  ^  if  o'’d  arbitrary  S'. 

4.  Extereion  of  obowe  lesulls  to  ony  point  In  the  rodiotion  field  of  the  vehicle. 


5.  Extensi'*!  of  chwe  slnglu  pulse  work  *o  o  troln  of  pulses  and  olio  to  orsologue  slgrsols. 

6.  Extemion  of  oil  of  the  otove  findings  to  nonhomogeneoui  plosmo  shaali.!. 


WUh  o  knowledge  of  fhe  pulse  degrodofion  undergone  in  Hie  communicofion  poJfr,  fhe  informoHon 
transfer  con  then  be  determined. 

The  effects  of  a  plasma  medium  upon  the  ':)erfofmance  of  btnory  digital  signals  has  been  considered 
in  Task  III.  It  is  shown  in  figures  lll-IO  and  lll-ll  that  the  performance  of  oil  modulotion  systems 
is  deyroded  with  the  greatest  degradation  occurring  for  AK.  Th‘’se  colculotions  illustrote  the  effect 
of  the  dispersive  nature  of  the  plasma  end  are  valid  for  carrier  frequencies  greoter  then  the  plasmo 
resonant  frequency  (f^  ^2  f^) .  In  the  vicinity  of  plasma  resonance  it  will  be  necessory  to  determine 

the  pulse  smearing  via  the  work  rnperted  in  Task  11.  In  the  event  thot  the  smeoring  ottains  on  ampli¬ 
tude  of  one  half  the  sigrKjl  amplitude,  the  error  probability  for  some  of  the  modulations  consiaered 
will  approach  o  constant  value  for  high  signal  to  noise  ratios.  This  is  coured  by  the  fact  that  the 
smearing  is  exactly  at  the  decision  level  for  some  sequences. 

The  effect  of  attenuation  is  vhown  in  figure  III-  I4  ond  illustrctes  that  the  signal  wl!!  be  severely 
attenuoted.  It  is  important  to  note  thot  these  calculations  ore  determined  for  tf»e  stognafion  point 
of  the  vehicle  which  is  not  the  most  attractive  location  for  the  ontennot. 

Continued  Investigotlon  ii  recommended  in  the  following  oreoi: 

1)  Determine  the  omoonr  uf  oulse  smearing  the  vici-iity  of  the  plosmo  resononr  frequency 
ond  its  effect  upon  the  various  roOulu'^ons.  This  will  show  if  dispersion  will  merely  hove  the 
effect  requiring  on  increase  in  signal  to  noisa  ratio  to  ottoin  performo'^c*  comparable  to  o  sy  tem 
operoting  in  a  non-dispersiv •  medium,  or  if  dispersion  is  cofKsbie  of  cotostrophic  system  aegrada- 
f  ion. 

2)  Perform  on  extensive  system  study  fo  determine  the  optimum  o-'r-'-no  iocofion  on  the  vehicle 
where  signal  tronimiisicn  encounters  minimum  otienuation.  Cons’demtion  must  be  given  to  q 
combination  of  foctors:  plasmo  resonont  o.td  collision  frequencies,  conier  rrequency,  pL  vne 
thickness,  etc. 

Ti  Determine  the  performonce  cf  analog  systems. 
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Approximo^e  Anolysii  of  Wovep  'ide  Oufpuf 

CgnwynH  Oft,  "iPulit  Wovtfonn  Dagrodoflw  dm  to  Dfipgr»>on  (n  Wovoflutda/  by  R.  S.  EIHoft 

, —  work  erf  TKo  Hollleroftors  Compony  concomod  wlH»  tfi«  ofxilysU  of  lfi«  tranvnittion  of 

poSitd  •(octramognofic  orwigy  through  dliponivt  modto  hot  coutod  tho  writon  to  rovtow  tho 
chovt  wok  of  R.  S.  Elliott.  In  this  roviow  If  wot  rwtod  that  oquotlon  (1^  of  thot  work  confolnt 
on  orror  ftehlch  hot  boon  brought  to  tho  ottontlon  of  R*  S.  Elliott  who  ogroot  thot  It  doot  oxiit)  • 
Thii  oquotlon  diouid  rood 


F{t)  -  ^ 

(1) 

wfwn 

X  -  C(A,)  -  CCA2) 

(2) 

Y  -  Sikj)  -  S(A,) 

(3) 
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A 

CCk)  ■  j  coi(iy^)dy  »  Coilno  Frotnol  Intogroi 

W 

0  * 

A  ^  . 

S(A)  /  tin  ( ~'y  )  dy  •  Sino  Frotnol  Intogroi 
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0  * 
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(7) 
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00 

Equation  (1)  hot  oito  boon  obtolnod  Indopondjntiy  ood  ot  «d>out  rho  nmo  Mmo  by  Richard  O.  Irocki 
of  tho  Roythoon  Cemporty. 


Th«  obov«  It  for  on  input  puliodi  corrlor  himod  on  ot  timo  ■  -T/2  and  of  duration  T>  For 
th«  lomo  pulled  carrier^  but  turned  on  ot  time  t "  0,  tbe  remit  ii  given  by  (1)  with  K  and  Y 
given  by 


X  •  CU|)  •  CCA^) 

01) 

Y  -  sup  -  sup 

025 

where 

■  of^ 

03) 

,  X  -  2 

0^ 

Numerico’  computations  of  (t)  using  (1  i)  and  (1^  for  the  coses  of  o  ^  0^  0. 032,  0.  IG, 
0. 32,  0. 50,  ond  1. 00  ore  shown  in  Figure  1 ,  and  reveoi  thot  these  diopes  ore  practicoliy 


identical  to  those  of  Elliott  except  for  the  iorge  values  of  o>  The  computotions  were  performed 

2 

using  the  Fre^i  integral  Tables  of  Feorcy.  However,  examination  of  these  shapes  reveals 
Hiot  an  output  exists  for  alt  values  of  time.  This  obsei  ration,  on  output  occurring  prior  to  on 
input,  is  disquieting  since  it  violates  the  low  of  couiolity. 

The  reason  for  this  is  that  the  uee  of  the  opp'r<lmation  of  equotion  (7)  of  Elliott's  popjNr 
for  the  phase  constant  P(<d  gives  rise  to  on  effective  transfer  function,  H(iu) ,  of  the  woveguide 


opproximo  ted  by 

^  A(«  -  «  )  -  E(«  - 

HW  e  * 


05) 


Tnis  tromfcr  h»nction  is  not  phyticaiiy  reoiixobie.  This  con  b»  seen  very  readily  by  determining 
the  Output  response  due  to  on  input  Impulse  (delhd  function  of  a  hypotheticoi  bl(>ck  box  choroc- 
terized  by  this  trtwufer  function. 

This  retponee,  detsgncted  b>  h(^  ,  is  given  by  the  Fourier  tranefonw  of  the  tranifer  fuiKiion^ 


Jraertion  of  (12)  Into  (1C)^  Into  JtiQCnotMtrio  hmci\eimt  omi  um  of  Oifirtght'/  Infograli 


858. 564  qnd  858. 565  81m  I 


H(8 


1  T7 

fc  Ik.  * 


(17) 


IfMpoetion  of  (17)  dhowv  t1io(  on  outpuf  nxi^  prior  to  on  Inputs  which  li  phyiicoll)  Imponiblo. 

Honco  fho  tromfor  function  H(i)  li  phystcoMy  nonroolizoblo.  Uta  of  Bodo's^ 

phyiicol  rooiizobio  eritorio  to  tho  opproKimoto  tromfor  function  of  (12)  olio  dxnri  It  to  bo 
phyiieoily  nonroolizoblo. 

3 

it  is  intoroiting  to  noto  that  tho  convolution  intograi  con  b«  utod  to  dotomino  tho  output,  f(t), 

vio  intogrotion  in  tho  timo  domain,  i.o. 

«e 

f«  -  /  .(»-T)h(T)<»r  (li 

whor«  o(t  -  r)  ■  input  to  wovogutdo  ot  timo  t  -  T, 

h(T)  *  roiponso  uf  wovoguido  to  Impulio  function  ^Ivon  by  (16)} . 

Equation  (18)  givos  tho  wmo  rt«u)t  for  F(f)  os  givon  by  (1)  wilhout  iho  nocossity  of  wing  tho 
6 

Foifoc  ond  Compboll  poir73Kl. 

Sinco  (1)  violcHi  tho  low  of  coucoiity  it*  odi^ipjoc/  to  iofcribo  tho  ochral  output  of  o 
wovoguido  must  ba  uiod  with  this  violoticn  in  mind.  This  «^tucrfion  is  scmowhot  similar  tc  ^ 

7 

COSO  of  tho  idootizod  low  pm  fiitor  which  prodicts  cm  output  prior  to  on  input.  Tho  occurocy 
with  which  (I)  doscribot  tho  octuoi  ou'put  con  bo  dotonwinod  by  comparing  it  with  tho  solution 
obtoinod  by  using  tho  oxoct  tronsfor  furtction  of  tho  wovoguida.  it  is  boliovod  that  this  solution 
hei  not  o»  yot  boon  obtoinod  in  o  cioaod  form.  Howovor,  »mo  work  for  tho  com  of  o  stop  function 
Corrior  uttiizirqi  numorlcoi  intogrotlon  of  tho  onoct  tnanrfor  function  of  fho  wovoguido  hoi  boon 


g 

p«rform«c'  for  a  f«w  ipocific  comi. 

ir  !t  intarttfing  fo  conparo  fho  woy<»foniit  prodictod  from  fhli  work  wttfi  thoti  utiUzfng 
opproximott  transfor  funcf^on  gtvtrt  by  (1!9  •  For  c  ifop  funeftoo  lr»put  oft 

•W  «  V 

whort  ^  ^')  (■  tho  it«p  function  deftnod  by 


Ut)  - 


t  >  0 
t  <  0 


(20 


th«  output  of  0  wovoguldo  cbo  actorixod  by  th«  c^jprOKlmott  tronifor  function  of  (10  /  vio  (1 0 
follonving  Elliott/  Is 


i[  V  *  ?oQ 


f(t)  -  '  orfc 

%^r*  It  Is  understood  that  tb«  Imogtnoey  port  ef  (21)  Is  to  b«  token  for  f(t)  r  and  wltb 


(21) 


(t  -  AL)  (1  >  I) 
Z  ■  -  - - 

^  2  ifm 


(20 


where 


erfc  Z»  *  — =*  f  e  *  dz 


■p  z 

integration  of  (23)  gives  for  the  output  envelope/  F(t), 

F(t)  s  |fw|  *  ^  ^  1  ♦2[c’(a;)  *CIa\)  +S{a;)] 


(23) 


(2« 


where  aJ  is  given  by  (13)  ond  C(A)  ond  S(A)  by  (4)  ond  (0  ,  respectively. 

plots  of  F(t)  vIo  (24)  (which  Is  essentloUy  based  on  fclllotf'i  work)  ^  w>d  of  F(t)  (bosed  or^ 
Cohns  work/  F Igvires  3  ond  4  of  reference  0  ore  fc»own  In  Flgwre  2.  These  plots  or#  tor  the 
two  coses  t 


_2 


u. 

w 


1.  It, ,  _L  -  0.«73 


ond 


1.750 


or 


whtr»  X  ■  vocwum  way«ltngrti  of  ,  f  spood  of  ilghf. 

VO  ®  2w 

TXo  work  of  Cotw  indlcoihn  ffw?  Hie  output  pulw  iNirtt  pt  tKo  timo  -  not  t  whoro 

I  M  *  » 

lioe{^J/  *  T  *  ( X  I  )  "  ■  -  — — —  •  tfio  e4»«  of  Ftguro  2^ 

*  *1. 


•  group  voioe{^J/ 

•  ^  9 

*7^  ■  2«  40.  Thit  it  In  oocordonco  with  ?h#  mooning  of  wove  front  volocitv.  Tho  plott  of 

Fipto  2  indicoto  that  tho  wovoform  owolcpo  prvdictod  uting  tho  opproximoto  trontfor  function  of 

tho  wovoguldo  gl>^  hy  (15)  opproMimofot  thot  obtcfnod  via  numoricol  Into^ptstlon  using  tho  oxoot 

trcnsfor  function  of  Sho  wovoguldo  quito  *voH  for  tho  tlmo  rongo  Indlcotcd*  Tho  ^rvolcpo  for 

f  <  0  vio  thu  opprONlmcro  trekmfor  fi-nctlon  ti  not  shovrn  but  i<  nors'zoio.  Tho  closo  ogroomont 

for  this  stop  furtctlon  Irujui’  for  tho  ipoc^'lc  cosas  of  —  ond  %  ”  *iwiiccto  tl.ot  tho  u*o  of  tho 

“c  \o 

opproMifnato  transfor  functions  gJvos  o  jood  opproxlmotlon  for  tho  cxjtput  wovoform  for  tho  tlmo 
rongos  ovsliohlt  ‘or  tor.^porlson*  Gonoralljtlng  from  this  comporlson,  ono  would  oxpoct  tho  <cmo 
epprOT'lm^lon  to  bo  os  good  for.  tho  pultod  corr^or  Input  c  I  horco  thot  for  t  >  -  thot  tho 
onvoiopo  thopos  of  FIguro  I  oro  gosw  wlmotlon^  tc  tho  outfK,»t  potto  thopos  of  o  wovoguldo. 

{t  would  bo  In  orJoTf  hwrovor*  to  conflujt  this  gonorol’setift'!  by  cbtoinljv  on  owsct  closed  form 


•dutlCR  for  (ho  puisod  com*  (This  is  .uCCO-,- lisrie-j  ..r. 
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Appendix  A  -  Figure  1.  Degraded  Waveforms  Via  Approximate  Solution 
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Appendix  A  FIGURE  2A.  OUTPUT  WAVEFORM  OF  A  WAVEGUIDE  DUE  TO  A  STEP  FUNCTION  CARRIER  INPUT 
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Appendix  A-FIGURE  2B.  OUTPUT  WAVEFORM  OF  A  WAVEGUIDE  DUE  TO  A  STEP  FUNCTION  CARRIER  INPUT 
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Exoct  Arwlytlt  of  Wovguld*  Output 

U  IntwxiMcHon 

TK*  cIomIcoI  probicm  of  doformlnInQ  H>«  framiont  rv^pooM  of  o  dijpmivo  ntodtum  (•fthcr 
Q  IomIom  wovoBuick  lupparttno  o  tlnglo  modt,  or  on  itnbouiKM  IomImi  ploono)  duo  to  on  Inpu^ 
oioctromoBnofle  pulw  hoi  rocolvod  comldoroblo  ottonHon  In  Hio  tochnlwoi  lltoroturo  dotloQ  from 
1 W3, 0  '2'*  •  •  in  fee*,  m  nomxl  by  A.  Hiiblnowle*^^  ,  toll  probl^n  >i  notoing  moro  rhon  « 

tpoclol  eo*o  of  fbo  iworo  gonoro)  profelom  of  fbo  lomo  *ypo,  but  «4  tb  diwlpotlon  Inoluiod  In  Ibo 
modiunt/  os  orlglnoiiy  trootod  by  L-  Brlllouin^^®  ond  A*  Sooonorfold^*^  In  1914.  Tbli  worb  U 
outllnod  In  a  concite  ^iroy  in  Strotton^^ ,  ond  .k»  niro  rocontly  boon  fully  trootod  Sn  boob  form 
by  L.  Brlllouln.^^  Unforturwtoly,  wbon  diaipoflon  It  Ineludod,  tmly  opproxlmoto  lolutiom 


hovo  boon  obtained. 


r43) 


For  tbo  loaioM  cam  OKoct  toi'jtiont  using  convolution, 


0,2,3,5,6,ta 


Fourior  twntfoon  tocbnl<|oos,^'^'^'^''^  Loploco  ‘roruf.^n  tocbnlquos^'^'^' hovo  boor 
obtoinod.  Howovor,  most  of  tboso  oro  In  tbe  <orm  of  Intogrols  wbJdh,  to-doto,  must  bo  Intogrotod 
numoricolly.  At  tuch,  rolat  v*!,  fow  compufotioni  of  H.#  rospomo  hovo  boon  givon. 

Howovor,  oxoct  (oiutioru  In  tho  farm  of  a  convergent  lun  havo  olio  boon  nbtoinod  ond  o  fow 


compotijtlons  hovo  boon  ntod*.  ^  ^  Such  o  tolofion  was  first  obtolnod  by  A.  lobinrxolci. '  It 
upfxtrin  tf\ci  thij  rolotivu!^  oa<ly  ( n  use  of  A.  Rubin<wvicx^^  has  boon  looly  ovorlooftod  by 


(0 


all  followif^  Amoricon  oultxsn,  rosclting  in  tSoir  uso  of  numorlco!  Irtogroflon. 

Sinco  this  IntogrotSon  it  todtous,  Qpp*xjximafo  lolutlont  hovo  boon  sought^^^»  which 


use  0  throx  torm  Taylor  lorios  approximotlon  of  the  photo  foctor.  With  this  approximation  o 
cloord  form  solution  In  toms  of  woll  known  t.jnctlons  Is  ofetoinod  ond  cn  ovoroU  Insight  Into  the 
effects  of  pul**  doyodolion  on  the  various  portonotors  is  provided  (too.  for  oxomp4o,«.  S.  E!IIatt<’^) . 
Hdwevw,  It  hat  roeOntly  boon  d»owo^^  thot  rho  obovo  Hnlto  Toytor  wriot  c#  the  plxiso  foctor 
givot  fiio  to «i  output  which  vlolotos  covtolify.  since  the  trorafs*  furrctlon  osMcIcded  with  the 
opprOKlm^  phase  foctor  I*  physically  rtonroaliinblo.  Hsmeo,  oil  those  apptoxlsiats  solutions 
aro  ktewreef.  Hmoooor,  lho«  afynoetmoto  solutions  moy  #111  mnm  to  •dhesto  the  puiso 
dlitortkw  IM  «•»  be  anHelpseed,  es  will  bo  diseumod,  ;  1 


NoMf,  atthough  on  txoct  toluHon  U  ovoiiabte  in  a  clototJ  knm  of  a  con/orgon^  ^ho 

imfhoc  ui«d  to  obtain  thfi  solution  It  somowhot  difficult#  though  ci«v«r>  Th«  proiant  popor 
glvot  on  oxoct  (solution  to  tho  outpi't  rosponto  in  t«rr.ii  of  u  convorgent  lortoi  of  Btssol  functions 
which  Is  of  o  ilmpior  form  than  that  obtofnod  h^odotot  ond  which  is  obtoinod  In  o  vory  strnlght' 
forword  monnor  using  tht  Loplaoo  tronsfofm  mothod*  This  is  dono  by  first  eonstdorlng  tho  ipseloi 
COSO  of  o  zoro  order  BosstI  typo  pulso  os  tho  Input.  Exomlnotion  of  tho  resultant  output  for  this 
COM  ond  0  comparison  of  thot  obtoinod  by  direct  um  of  Loploco  transform  tobies  then  suggosts  . 
o  method  to  bo  used  for  tho  orbitrory  puiiod  input  case.  This  method  Is  to  initially  expand  tho 
pulsed  conrier  In  terms  of  Bessel  furvetiens  prior  to  taking  its  Lopioce  tronsform.  The  um  of  the 
transfer  function  of  the  medium#  and  than  the  obtoinment  of  the  Inverse  Lopioce  transform  to 
give  the  output  is  then  reodily  performed. 

Computotions  of  the  resultorst  output  using  solution  ore  then  mode.  A  particular  cose 
oireody  computed  by  meons  of  numerical  ln»v^ration^^'  is  considered  to  serve  as  a  check  on  the 
solution^  A  canporiton  of  the  exoct  pulse  output  vio  the  method  of  this  paper  ond  thoM  obtained 
using  the  ovolioble  approximate  methods^  ore  then  mode  and  seme  generolizotlons  regording 
the  odeguocy  of  the  approximate  solutio)^  ore  given. 


*See  Appondlx  4. 


li.  Formal  .elution 


Q.  Reduction  of  Problem  to  a  Hypo^heMcol  Block  Box 
Consider  either  o  losileis  unbounded  piovno  medium  or  a  mr  ^ched  (or  Infinitely  long)  lossless 
waveguide.  It  Is  well  known  that  a  steady  stote  signal  of  frequency  w  propagates  Hirough  such  a 
rqedlum  as  e  **  *  In  tha  forward  «  direction  (a  time  dependence  of  Is  ur>d•rstoofiO^  The  fdctor 

^ L  ‘‘p^  '  1“^  1  I* 

s?>  I.e., 

where  rhe  plus  square  roots  ore  understood,  ond  with  being  the  plosmo  frequency  of  the  plosmo  or 
the  cutoff  frequency  of  the  wovegulde.*^  Equation  (I)  states  that  for  frequencies  “p  the  wave 
undergoes  pure  attenuation^  whereas  for  frequencies  It  undergoes  pure  phase  shift  (note  the 

phase  Is  delayed  fw  u  ^  and  odvonced  for  w  £  -(i^ ) ,  os  shown  In  Fig.  1 1  which  Is  a  univenci 
curve  of  if  (u) . 

Thus,  If  E,(«)  Is  the  steady  state  Input  at  some  orbltrory  point  (toy  ■  ■  C)  In  Hr®  medium,  then 
ot  on  orbltrory  distonce  ■  "  L  down  the  medium  ,  the  steady  state  output,  £o(»*)  •  will  be 
(Z  E»  - 

The  medium  can  be  thought  cf  os  a  hypothetical  black  box,  havlr^j  a  transfer  function,  G(|w)  ,  defined 
by 

(3)  Gfju)  ■  L 

(«) 

Since  this  function  Is  linear  (I.e. ,  Independent  ot  the  mognltude  of  the  fields)  superposition  oppl|et. 

As  such,  for  on  otbltrory  Input,  e|(t)  ,  the  output  at  the  distorjce  ■  ■  L,  egfl) ,  Is,  via  the  Four'tr 

^  For  the  moveguTdt  case,  It  Is  assur.vd  thot  the  prooogatlon  occurs  only  (n  the  dam  -in*  .lode,  and 
that  (iL  Is  the  cutoff  frequency  of  this  mode.  This  a.iumpt!an  Is  reosonable,  since  o  typical  pulsed 
carrier  has  n  frequency  spectrum  centered  entirely  cb<xjt  tfie  carrier  frequency,  at  srhich  the  wave¬ 
guide  itllnvorlobl/  designed  tc  operate. 


^  (u)  It  the  propogotion  foctor  given  by 


(1)  i(u)  ■ 


(M  - 

I  p 


«)r  rtol  Inq^ncf  fkmcitfw 


M  sW'i  o(l“)  •''*<<« 

whwti  0|(w)  iv  tht  iPourtcr  hwiuform  .*  /ha  Input 
ajCw)  /  ‘jW 


From  (1)  and  (3)  Hw  transfc/  function  boeomot 


G(lo) 


I'  V-5/*^ 


Iwl  < 


1«1  >  “d 


wh«r«  th«  plui  aquoro  rooti  ora  u7.dmtcodo 

Now^  tinea  this  tromfar  fut^tlon  Ir  phyiicai!)^  raallzoblt/  H>a  Lqploca  trantform  and  H>a 
complax  fraquancy  do.TKitn  eon  olao  ba  usad  to  holn  tha  output.  Tbuf 

f  •o(^)  "  'iJ'  ‘  r 

C“i« 


Of,  i.a. 


(8)  »^(t)  « [  #',{1}  G(t)] 

whara'iL”^  It  tb*  invaraa  oparotor  daflnad  by  tba  right  bond  s!da  of  p)  ,  and  a|(i)  ’  tba  Loploca  trontform 
of  tba  Input 

(9)  a'iQ  “  I  ^ 

and  G(t)  '»  tba  trondlar  function  In  fba  complax  baqv*.^,  •.  1,  plor*.  G(i)  It  fomaiiy  obtclnad 

by  rapla«.ls!^  |u  by  g  In  (6)  ,  giving 

(10  Gd)  - 


The  frantfer  funcHon  Gii  gfvsn  by  (1(9  It  double  valued,  and  since  It  repretenh  a  phyilcolly 
n^llzoble  transfer  function.  It  must  be  mnde  single  valued.  Hits  Is  done  by  Insisting  Higt  when 
s  It  pure  tmoglnory  (I.  e* ,  vvhen  s  ■■  )$  **  reduces  to  (^  •  To  occompllsh 

this  we  vrrlte 


and  let 

(15)  s  -  lv|j  ■  e^^l  ,  -t/2  <  <  3/2W 


(13)  s+lOp"  r2el^2  ,  -3/2»<^2<_  t/2 

which  defines  ,  r^,  ,  and  The  complex  s  plo.M  Is  depicted  In  Figure  2  and  defines  these  branches 

\ls^  u  Equotloos  (13  ond  (13)  Imply  thot  o  bronch  cut  has  been  mode  olong  the  |«  axis 
^  P 

between  the  two  branch  points  ]u  and  -|u  ,  os  shown  In  Fig.  2.  That  this  branch  cut  Is  physically 

p  p 

valid  can  be  donftrmed  by  allowing  s  ■■  {w  and  showing  that  G(i)  reduces  to  (6) ,  I.  e. ,  provides  pure 
attenuation  for  W ,  pure  phase  le  a  d  for  u  -u^  and  pure  phase  log  for  u  ;  this  Is  shown 
In  Appendix  I.  It  Is  Importont  to  note  that  the  only  branches  of  Ihot  will  sotisfy  the  physical 

conditions  of  (6)  are  those  defined  by  (13  ond  (13)  .  Moving  now  determined  the  appropriate  bronch 
cut  and  branches  of  ^  s^  +  ,  the  problem  of  determining  the  output  response  of  the  dispersive  medium 

has  been  reduced  to  that  of  a  hypothetical  black  box,  depicted  In  Fig.  3,  which  has  a  transfer  function 
G(0  given  by  (1(9  with  (13  ond  (|3) .  The  output  for  a  given  Input  Is  then  dbtolned  from  (8)  * 


It  should  be  noted  here  that  the  input  ot  ■  *  0  can  be  ony  component  of  either  electric  or  mognetic 
field  (for  example,  elHier  Ex,  £y,  Ec,  Hx,  Hy,  or  He  In  rectangular  coordinated  and  that  the  output 
Is  the  same  component  but  at  the  distance  ■  *  L  and  at  a  loter  time.  Regordteu  of  which  component  Is 
considered,  eoch  has  the  same  transfer  function.  However,  th,-.  does  not  Imply  that  the  output  of  all 
the  field  components  will  be  the  some,  since  th  '  Laploce  transforms  of  these  Inputs  are  not.  In  general, 
the  some.  For  example.  If  E*  Is  specified  as  the  Input,  then  ol'  the  other  Input  field  components  oie 
detennlned  from  It  via  Maxwell's  equations  and  the  ossumed  propagation  ond.  In  general,  their  tronsforms 
will  not  equal  the  tronsform  of  Ee.  As  such,  frum  (9  It  fcJImes  that.  In  general,  the  outputs  of  these 
field  components  will  not  be  equol  to  thot  of  the  Ea  output. 


1G5 


Befor*  procMdlng  h>  fK«  com  of  a  pulitd  earrUff  U  It  tmhv«Hv«  to  eomtdor  th*  co»«  of  a  x»ro 
order  type  pulse  ot  the  Input.  Thua,  let 

00  e,(t)  -1(t)  .‘v{y) 

where  I  (t)  It  the  unit  step  function  00)  *0  f  <0,  1(t)  ■!  t>  .  Equation  00  repreient*  o  xero  order 

Bestel  pulse  r '  "frequertey^  u  turrsed  on  ot  time  t  »  0  at  the  point  ■  **  0.  Use  of  (0)  /  then  glyei  for 

P 

rh«  cotTespondIng  output  of  th«  dittonce  ■  »  L 

05)  e^(t)  "Ut-L/O  JqC^  1* 

This  result  Is  obtained  In  Appendix  II  using  a  formal  Integration  In  the  complex  s  plane  with 

G(])  defined  by  0^  with  09  09  •  it  Is  Important  to  note  here  that  the  some  result  con  be 

f  ^5  ) 

obtained  Using  tables  of  Laploce  transforms'  ,  and  thot  this  result  Is  Independent  of  how  the  branches 

of  i  s^  +  o  ^  ore  defined  and  what  brarwh  cot  Is  used.  Therefore^  In  the  problem  at  hand.  In  going 
P 

from  G(iu)  to  GW  »  It  suffices  to  show  that  GW  can  be  written  os  00)  without  violating  any  physical 
conditions  (as  has  been  done) .  Once  this  has  been  done,  one  con  Ignore  how  the  branches  ore  defined 
and  mol'e  use  of  Laplace  transform  tables  directly.  Thus,  for  ony  other  type  of  Input, G(i)  con  be  taken 
solely  us  (10)  without  use  of  (12)  and  (13)  and  the  output  can  oe  obtained  vio  (6)  ond  Loploce  transform 
tobies.  This  observation  greatly  simplifies  the  obtolnment  of  the  output  for  the  pulsed  corrier  case,  as  will  be 
shown. 

Anothier  Interestl.-sg  feature  oi  Is  that  the  output  orrlves  ofter  a  time  deioy  of  l/c  In  oecordarsce 

(  22  ) 

with  the  Rvsoning  of  wove  front  velocity  « 


Anothgr  Imporfonf  ob»«rvoMon  for  fhli  ipecio!  zero  order  Besiel  ^yp«  pulie  coMi  l»  fHot  when  !?  It 
potted  through  H^e  hypofheflcai  block  box  characferiztd  by  G(t)  #  IH  output  It  on  exoct  Inverte/  which 
ft  tabulated.  Thii  tarvet  oi  a  tuggettive  clue  that  coy  Input  thould  b«  expretted  In  iorr»e  form  of  Beftel 
typo  time  functlont  prior  to  taking  the  Input  troosform,  to  oj  to  obtolrt  or  output  tromfonn  hovfng  a 
lnv«r*«. 

c.  Retponte  due  to  q  Pulted  Corrier 
Let  the  Input  field  be  given  by 

(16)  e,(t)  -  Eg  Cut)  -  l(t-T)]  Jnt^t 

which  repretenti  o  carrier  of  ortg-vicr  frequencv  fumed  on  ct  time  t  ■  0  and  off  at  time  t  ■  T.  The 

carrilr  frequer>cy,  u  ,  and  the  duration  of  the  pulte,  ore  arbitrary.  It  It  teen  from  (15)  that  the  Input 
o 

puitc  coniitti  of  two  itep  fgr<ctlon  coir’ert 

(17)  ejCt)  ■  »jj(t) 

where 

(IS)  -  l(t)  E^iln  v^t 


-  i  >  Eo  V  • 

To  find  e  ft)  1?  1*  merely  necruory  !o  f'ni.1  the  correioondlng  tu  ",,(f)  ,  I.e.  ,  e^,(r)  . 

orxi  to  tpCt)  ,  I.e.  ,  *Q/'t)  I  end  toperimpoet  theiu  o-jtpu-tr  f«p(t)  (f)  e^2''^^  ■  »  tuperpotiflon  Oelng 

valid,  "i'^oe  tne  »y^f«nn  i|  llr»cr.  Cenfider  f!fif  rl  **  obt.o- nrr>enf  of  e  It)  .  From  (St 


v20; 


/'  - 1 


■-rvl 


which  from  (iCl  bec^.vi'ei 


(2!)  e^,(r)  -  X~’ 


-fUc) 


X 


wh»re 


o 


e 


« 


•if 


(22)  .,,(d 


Ittfora  foiling  fH«  frarttfoinn  (22) ,  In  cccordonc*  .vlfh  fh«  •uf.Atsflon  off«r»d  by  fhn  !oif  Mcfton 
on  x«ro  vTd«r  tyfm  pufttf  fb«  InfMf  wovt  Is  txproMiW  fr  Hmnt  of  loittl  funcHons  oilng  fbs 
Wonflfy^^*  - 

m 

(23)  ilnCwcoiQ)  “  co«{2rTf-J)5 

n  *  0 

which  It  voild  for  oil  0.  Now^  i«f 

(24)  w  «of 

P 


(25)  cotQ  "  , 

For  >  4^,  0  mutf  l>:v  pur«  ?nwQ?rvjry,  0  **«  (3/  ond  h«fK:«  coi  0  “  co«h  cs*  Th^rtfor*, 


<0 


(20  {-l!"A„Jj^,k 


i) 


ft «  0 


r 


{2d 


oot  [(2nf  1)  l]  ^  <  w 


coin  (?IT»'!)  a  J 


w  >  w 
o  -  P 


Th«  voiid  fy  of  (21)  tor  0  pjf#  tmoglnory  ii  jhown  In  AppondU  3.  In  (27)  0  ond  a  aro  doforminod  by 


(2®  CCt  S  •  M  /  W 
c  p 

(2^  conS  o  “  u  /« 

o  p 


u  <  u 

O  ™  p 


w  w 

0  -  p 


Prow  (2^  and  (26f  fhe  fronifomi  •.,(<)  Kisn  b*co»n*i 


(M  J|,W-  ^  U') 


\’  1-  i\*  «  ?  t  [  -"** 

n  ■  0 


Sine  ?fv«  mm  U  com  »>ry#nf  fh*  »«j»nmofio»'  nnJ  '’'  ’yrcHon  up#raf!ofw  con  bo  Infwrchongodf  tfioi 


tJ))  •jj{i)  -  2^0  y  {-!)” 

n  •  0 


(3;^  •  (a)  "  J  1(0  j,  .,(»0 

«  ■'o  2r<+l  p 

{  27) 


v"Klch  It,  via  Tnbiar 


(33)  ^  (0 

f« 


1 


( — i - )' 


2fT+l 


n  >  -  1 


Um  of  (33) «  (31)  ,  and  (10)  ,  In  (8)  than  glvai  for  tfitt  output 

-(l/c)  «> 

-  (-!)%„( - ^ 


(3^ 


-1 


2E 


V 
/_ 
n  •=  J 


It- 


-1 


?rH-1 


n-J 

Intarchonging  th«  InvarM  and  imnmaHon  operaHoni,  and  ui«  of  Hi*  invan*  tramform  via  obits 

2rTt-l 


(  28  ) 


(35) 


“(L/c)  ^  p 


’  r 


2  ’ 


) 


,  2rt»1  , - 

Ut  .  L/c)  )  2  j  (w.  \t2  -  lVJ) 

f  +  L/c  2rrtl  P  ^ 


gives 


2r* ) 

V'  >  “  u  C,~7‘ 


(3w  a  .{t)  =  ;E  i(t-L/c)  {-.)■■  A  f-f-'  ‘  J 

°  4 ,  n  f  •  L  c  2nr1  p  ’ 

n  »  0 


wh«r«  deflnad  b-  (ZV)  .  Equoflon  (36)  !i  ib«  raspcn-sia  of  ftia  dlipersiva  medium  due 

to  the  input  (i  ^  ,  and  li  valid  for  oil  votues  ot  ^  w  (incu'ding  unify)  ,  *  -  ,  .  vni  jei  nf  L  '-0,  ond 

for  all  voiuei  of  t 

Ai  o  pwrfltsl  check  of  (36)  If  Is  seen  rn.i?  ,  »  I'  f}6)  redvrces  tc  (Ifl)  n-.  it  iihould.  AddltUjvion y. 


for  w  ■  C  (36)  becorttei 
P 


(3r  t  ft)  -  £  ut 
o  I  t 


ff-w^c)  '  (-1)  1^;  .  / 


7n* ! 


n  "  U 


M  t 

*  ^  »  , 


••  E  l{f'L'c;  iin  I  u  (t-‘,/c) 

o  i  o  . 


as  it  -hocdd.  (This  cKecA  raeoU  i|  obtoirised  using  J  ( »  )  **  ■  •n.  far  tnnii  «  ar>d  •  >0,  ond 


^  (2  )  /  7  far  !of^  a#  QppfoocHIng  xmat  In  (3^)  )  • 

Another  pctttol  check  li  obtained  b/  oiloMring  t  ta  opprooch  Infinity^  for  which  Hi*  output 
ikoutd  becom*  lh«  iteod/  it^it*  ^’oiun. 

To  find  th«  output,  •  corroyponding  io  th*  Inputs  *12(1) ,  th*  mmi*  proe*dur*  It  ui«d, 

and  amount*  to  chonglriQ  th«  anrSvat  tim*  from  \Jc  to  L/c  ^  T,  and  chonolng  th*  lign  of  E  from 

o 

plus  to  minu*.  Hone*, 


(384  •ojw-  'L'-  (-»" *«[;—] 

n-0 


V.  [1. 


7W  outp?jt  pitli*  U  t(i*n  given  by 

(38b)  *0®  ■  ‘oi  f’’  * 

ond  ii  th*  Output  corrcipondlng  to  th*  Input  puli*d  corrfor  of  (1^  . 


ill*  Numwt'Icol  Roolt* 

Uf*  of  (3^  «nab!.}b  th'«  output  r*tpon««  of  th*  ditpertiv*  nwdlum  du*  to  on  Input  itap  function 
to  b*  computaM.  far  »am  of  computation  (tot  i»  written  Ir*  the  normolited,  or  untvonoi,  form. 

(3?)  (-n  A„(-7)  ^  -I) 


n  *  0 


wher* 


fi  the  normoilied  Mme,  ond 


!)  Q  •  w  Uc  •  (lA  )  Ay  w  f 
p  p  vo  /  ®  p 


U  the  eSectric-ai  lengtfi  of  th#  ,  v'=t  1  X  •  .'h'  •-  being  th*  w^elength  In  free 

VO 

ipoce  correspoodlng  to  the  corrief  in  w#  (the  r^lo  of 


carrier  to  ploont  (fv  cutoff)  frog  '•ney)  which  oppaan  irchoctiy  thrmrgh  A^  ond  «!•*  thro.^ 


0  ,  and  LA  iKrhfch  app«<Ht  throi^h  0  .  Th«  In<tepenclonf  vortobU  ts  t. 

To  obtotn  0  porHol  chock  on  H»«  tolufion,  givon  by  (39^  ,  for  the  cow  of  on  Input  step  function 
coirierr  the  cose  (Coie  I)  of  *1.10,  ond  L/Xvo  “  0. 875  (corresponding  to  Op  *  5f  00}  woi 
computed.  This  cose  woi  previously  considered  by  Cohn^^'  up  to  values  of  T  «  3  using  numoricoi 
Integration  of  the  Inverse  Fourier  tronsfonn  of  the  output;  (4)  •  Computations  of  (39)  were  mode 
using  existing  tobies  cf  the  bessel  functlons^^  and  were  performed  on  o  Friden  calculotlng 
machine.  A  minimum  of  six  values  cf  f  ware  token  for  each  cycle  of  oscillation.  The  number  cf 
terms  needed  to  close  the  >um  (39)  to  five  significant  figure  accuracy  for  any  portlsulor  value  of  T 
wos  opproxlmotely  The  computotlons  were  done  up  to  8  ond  ore  shown  In  Figure  4. 

The  steady  state  output  (sin  [[u^t  -  p(uj  l3  “  *ln  Q“o/“p^®P^T  “  'll  -  )  3  ^  shoMm 

In  Figure  4.  Cohn's  results  ore  also  shown  In  Figure  4.  It  Is  seen  that  his  results  and  those  obtalrsed 
vlo  (39)  ore  substantially  Identical.  Examlrsotlon  of  Figure  4  shows  thot  for  this  cose,  the  output 
stortswlth  smaller  Initial  omplltudf'  and  a  higher  Instantaneous  frequency  than  the  ccTespoodlng 
steady  state  volues.  For  later  values  of  time  (x  «  4  tc  5^  the  output  almost  colrKides  w/th  the  ^hftady 
state*  For  still  higher  the  output  Eubitontlolly  coincides  with  the  steady  state.  However^ 

It  Is  rxsted  that  forT  w  8  the  negative  peek  exceeds  -1  slightly^  Indicating  that  perhaps  for 
large  T/  some  oscillation  about  steady  stote  may  occur.  Eventually,  for  large  time,  T  >>  1, 
the  steady  stote  will  be  reoched.  Exactly  how  large  t  must  be  to  reoch  steody  state  remains, 
to  be  determined  from  further  computations  and/or  examination  of  (39)  . 

The  output  for  Cose  I  was  also  computed*  using  the  expression  obtolned  by  Rublnowlcx^^^ 
and  exact  ogreement  with  the  results  of  (39)were  obtained. 

''In  the  process  of  this  speciltc  computation.  It  was  noted  thot  the  terms  In  the  sum  of  Rublnowlcz 
(In  portlculor,  equotlon  (16c}  of  Goiewdclv^)  for  Rublnowicr's  result  wos  used)  and  those  of  tf- '  result 
of  ♦his  paper  (equation  (39))  were  numerically  Identical.  This  observation  caused  one  to  suspect 
thu  Identity  of  the  terms  of  these  si;,'.i<  for  any  general  case.  This  Identity  Is  established  In  Appendix 
4.  Hence,  the  work  reported  here,  using  o  relotlvely  simple  straightforward  opplfcotlon  of  the 
Laplace  trarnfoew  method,  also  serves  W  valldote  the  original  eorller  (ond  sadly  overlooke<® wxwk  of 
Rublnowlcz'^ . 
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A  mof«  procHcol  ca$*.  Case  II,  wos  olio  computed.  For  this  case,  the  length  of  the  medium 
was  held  fixed  at  L^vo  “  3.58  end  three  volues  of  carrier  frequency,  corresponding  to  " 
1.50,  1.00,  and  0.95,  were  considered. 

Uteie  coses  corresporKi  respectively  to  operation  above,  at,  and  below  plasma  resokionce 
(cutofO  .  Tiva  computations  were  performed  as  In  Cose  I,  and  the  results  are  shown  In  Figure  5. 

For  the  cose  UoA*p  *1.50  the  output  behaves  In  a  manner  similar  to  Cose  I,  namely  the  Initial 
omplitude  Is  smaller  and  the  initial  instontoneous  frequency  It  higher  thon  the  steady  state  values. 
CoR^tatloru  were  only  mode  up  toT,g  1.60;  however,  it  is  anticipated  that  both  the  amplitude 

and  Instantaneous  frequency  will  opprooch  their  steady  state  value  for  IrKreastrsg  t,  as  In  Case 

I*  Then  for  larger  T/  the  stuody  state  will  be  reoched. 

For  operation  at  plasma  rescnorsce  (cutofO  ,  *  Up,  it  is  seen  that  the  Initial  amplitude  and 

frequency  ore  ogoln  lower  and  higher  respectively,  thon  the  steady  stote  or>d  even  more  so  than  for 

the  cose  above  plasma  rasorsonce*  Tluts#  the  envelope  of  the  output  for  this  cose  will  require  more 

time  to  reoch  steody  state  than  for  operation  above  cuto  l,e*/  more  envelope  distortion  occun, 
os  can  be  anticipated.  For  7*  >  >  1  the  steody  state  (sin  u^t  ■■  sin  Qffd  will  be  approached. 

For  operation  below  plosmc  'esonance  (cutoff) ,  Ug'^'^p  “  0*95,  the  output  storts  out  with  a 

-o!(u  \ 

much  larger  omplitude  than  its  corresponding  steody  state  value  =  e  °  sin  u^t  ■ 

sin  (u^Op  r/up)  ,  whese  L/'ev/  Wp/ug  'J  ‘1j/"o  ' 

lEssI  m  0.001) ,  but  again  with  a  higher  Instantaneous  frequency  Hian  the  steady  state  value. 

From  the  above  computatloru,  one  is  tempted  to  make  the  foliowirsg  generalizations:  for 

* 

operation  above  plosma  rosonarKe  (cutoff)  the  output  response  of  a  lossless  unboursded  plasma 
(woveguidiO  to  a  step  function  envelope  corrier  initially  hes  a  smaller  amplitude  asKl  a  larger 
instantaneous  frequency  than  its  corresporsdlng  steody  svete  vulue.  Both  the  amplitude  and 
frequency  of  the  output  then  approach  the  steody  state  value  until  this  steady  state  is  attained. 

For  operation  ot  plosma  resorsonce  (cutoff)  the  behovlor  Is/  In  general/  the  some  os  above 

cutoff/  but  Is  more  extreme/  I.e./  both  the  omplitude  otkI  Instantaneous  frequency  change 
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more  rapidly  giving  rija  fo  more  envelope  distortion.  Below  cutoff,  the  output  ogain  hoi  a  higher 
instantaneous  frequency  than  the  steody  state  output,  but  the  Initial  amplitudes  ora  much  larger 
than  that  in  steady  state.  Those  generalizations  should  be  confirmed,  however,  by  further  work. 

Comp>orison  of  Exoct  and  Approximote  Envelope  Solutions 

As  mentioned  in  the  introduction,  the  fact  that  the  problem  of  propogotion  of  pulsed 
electromagnetic  woves  in  dispenive  medio  has  been  mostly  treoted  in  such  a  woy  os  to  one!  up 
with  Integral  expressions  for  the  output  which,  to-dote.  Have  required  tedious  numerical  integration, 
has  coused  opproximate  solutions  to  be  sought.  concise  closed  form  approximote  solution  for  the  cose  of 
a  pulsed  carrier  (of  carrier  frequency  >  Up)  hos  been  given  by  R.  S.  Elliott^^^  by  u^ing  a 
three  term  Taylor  series  appro  ...ation  of  the  phuse  factor.  The  solutl6n  obtained  is  in  terms  of 
well-known  ond  tabulated  Fresnel  integrals  and  presents  on  overoM  Insight  into  the  dependence  of 
p  ilse  dlsfortlon  os  a  function  of  the  porometors  involved.  However,  the  transfer  function  cssocloted 
with  the  approximate  phase  factor  is  rson-reolizoble  and  the  output  obtoined  violotes  cousallty^^^  . 
Despite  this,  the  use  of  the  approximate  solution  for  times,  t,  greater  than  the  tronsit  time,  l/c, 

(I.e. ,  for  T  ■>  t/(L/c)  >  1)  may  be  used  to  obtain  an  approximote  estimate  of  the  resultant  envelope 
for  the  case  of  a  step  function  carrier  inpur,  as  revealed  by  the  following  comparison  with  the  corres¬ 
ponding  exact  envelope. 

If  the  input  to  the  louless  plasma  or  waveguide  is  given  by  (]£$  ,  the  output  envelope,  fii)  * 

Ifftil/  using  a  three  term  Taylor  series  opproximatlon  for  the  phase  foctor  Is  foljowing  Flllott, 
given  by  equation  (24)  of  reference  24.  Plots  of  this  envelope  ond  also  of  the  exoct  envelope 
(obtained  by  connecting  rtsoximom  points  of  the  instontoneous  output  given  by  exoct  solution  (3^^ 
vio  Figure  4)  cru  shown  in  Figure  6  for  the  conditions  of  Cose  I.  This  figure  reveals  that  the 
approximate  solution  givos  the  general  behavior  cf  the  output  envelope  for  the  step  function  Input 
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cta»  fairly  w«ll*  fanding  k»  otelllota  aemowhot  abouf  rt»*  oxael  •nwlop*. 

IVt  Condinlom 

TK«  axoct  Oitpuf  r«tpom«  of  a  ioutau  unboundod  plasma  (or  louUu  waveguide  to  a  step 
function  corrlor  hos  b««n  found  In  tb«  form  of  o  convorgent  torlaii  of  Baste!  furKtloiiSr  os  given 
by  «  Tbis  expressioo  is  valid  for  all  values  of  time,  all  carrier  frequencies  and  all  plasma 
parameters.  The  solution  Indicates  thot  the  output  response  always  commences  at  the  transit 
time  L/c  with  zero  amplitude.  Using  this  expression,  colculottons  of  the  output  response  due  to 
a  step  function  carrier  for  several  coses  were  mode.  From  these  computations  the  following 
generalizations  are  suggesteds  for  carrier  frequencies  above  plasma  resonance  (cutoff)  the  output 
response  Initially  hos  a  smaller  amplitude  ond  a  iorger  Instontorseous  frequency  then  Its  correspond 

dlrtg  steody  slate  value.  Both  the  amplitude  ar>d  frequency  then,  some'Arhat  directly^  approach 
the  steady  state  value  until  this  steody  state  It  reached.  Exactly  ot  piaeno  resonance  (cutofO  the 
output  It/  In  general/  the  some  os  above  cutoff/  but  It  more  extreme/  since  the  amplitude  Is  even 
smaller  and  the  Instontaneous  frequency  even  higher/  than  the  corresponding  steady  state/  giving 
rise  to  more  severe  envelope  distortlorw 


^However,  such  may  r>ot,  In  general,  be  true  for  the  case  of  o  pulse  Input  of  durotlon  T,  os  con 
be  anticipated  by  the  followir>g  considerations.  A  pulse  input  of  duration  T  con  be  thought  of  as  two 
step  fursctlon  Inputs  tpoced  T  oport  In  time  ond  of  opposite  polarity,  os  given  by  (16)  .  The  output 
pulse  Is  then  the  sum  of  the  two  responses  to  thc.e  step  functions,  os  given  by  (38b)  .  In  most 
practical  coses  T  will  be  lorge  enough  so  thot  tlie  output  response  due  to  the  first  step  function  Input 
will  have  reached  Its  steody  atote  by  the  time  L'C  +  T;  ot  this  instant  the  output  response  due  to  the 
second  step  function  commersces.  As  seen  from  the  obove  computotions  of  the  exact  response  due  to 
a  step  function  carrier,  the  Initlol  amplitude  ca.T  opprooch  unity  (the  steady  state  value  for  >  u  ) 
even  offer  only  a  few  cycles.  Thus,  if  the  time  duration  of  the  input  pulse,  T,  is  such  thot  the  ^ 
steody  stote  output  of  the  fint  step  function  odds  in  phose  with  the  Initiol  output  of  the  second  step 
function,  a  peolc  value  of  con  be  reached  ot  times  corresponding  to  a  few  eyejes  post  T  +  L/c. 
Thus,  a  lymnsetrlcal  output,  os  Is  olwoys  predicted  by  the  opproxlmote  solution, >'24) 

Ingerierol,  be  obtained.  AddltiorKsUy,  from  the  foregoing,  a  critical  dependence  of  amplitude 
shope  on  T.  after  the  time  T  +  l/c  con  be  onticipoted.  In  a  proctlca!  ser.se,  however.  It  may  be 
orgued  that  slrsce  the  peaks  which  may  occur  ot  times  greater  then  T  l/c  will  lost  only  during 
the  transit  time  of  the  output  (corresponding  to  the  secorKi  Input  step  function)  after  which  time  the 
outpsjt  k  zer^orxi  slrsce  tbli  transit  time  will  probably  be  orders  of  magnitude  below  T,  then  oil 
amplitude  chorsget  which  occur  at  the  end  of  the  time  T  *  l/c  will  be  very  rapid  -  lO  rapid  os  to 
hove  a  frequerKy  spectrum  much  broader  thon  the  bandwidth  of  the  system  used  to  propagate  the  undir* 
torted  pulses  of  durotlon  T.  As  such,  this  critical  rapid  amplitude  variation  of  the  trailing  edge  of 
the  output  pulse  will  probably  net  be^neen*  by  the  system. 
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For  the  carrier  frequ<  .Ky  below  cutoff,  the  initial  output  is  much  hijhor  in  omplitude  than  its 
corresponding  steo'r^y  state  value,  but  ogair  rhe  Instantaneous  frequency  is  higher  then  tfie  cotrle!’ 
frequency. 

A  comoorlson  of  available  approxinate  solutions  with  the  exoct  solution  here  obtained  for  the 
output, due  to  an  input  step  function  carrier,  reveals  thot  for  time  greater  than  the  tronsit  time 
(t  >  L/c)  ths  envelope  con  be  predicted  fairly  well  usirig  tfiese  former  tolutiofi'j.  Howeve*,  for 
tlte  case  of  on  electromagnetic  pulse  of  duration  T  the  some  wlll^  in  qenercjl,  not  bo  true.  If, 
however,  T  is  much  lorger  thon  the  transit  time,  (the  Mmes  required  for  the  step  function  rosponsei 
to  reoch  their  steody  state)  then  in  a  practical  system  (one  which  is  designed  tc  hove  Oanciwidtiii 
only  wide  enough  to  occommodato  priupogotion  of  the  undiitcx'ted  pulse)  even  tf  en  fh«  approximate 
solution  moy  suffice  to  describe  the  output  envelope  "wen"  by  the  s>,iom  fc»f  times  greotor  thon 
iyc.  All  these  generoibatiom  would,  however,  have  to  be  verified  by  further  work. 
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Tn«r«  sr*  four  rongoa  of  w  to  bo  oxomlnodt 


‘lb  —**—**  ^  n*  *»£  ^  ^  t  IVi  -  •  £  M  ^**1,  * 

In  roglon  1/  ■•  i/2,  •*  «p  **  •  ^ 

i\(X-  «2'j  ^1  */2  .  jj^.„2'j  «  |i„j|7  .  4^2//  »  I  ^77- i^/i?  .  Thoroforo,  from 

- !  u  (l/c)  7i  -  u  Vi? 

(IC^  of  tho  hixt,  In  rongo  1/  G(iii  ■  •  p  which  ogr««»  with  (6)  of  tho  f«xf.  in 

o  ilmihr  woy  for  roglon  iV,  4,  “  '-ir/2,  ^  =  ir  2,  r  »*  w  +  Iwl,  r  *  lol-«*  ond  G(i)  roducoi  to 

I  2  i  P  2  P 

tho  somo  form  o«  for  roglon  1.  For  roglon  P  -  •  =  -»/2,  »  w/2,  r  ***.-»  r_“i».  +  o  ond 

I  «“  O’  1  2  1  P  7  r 


tho  somo  torm  o«  tor  roglon  I.  ror  roglon  i’  -  •  =  -»/  Z,  f  ^  %/ 1,  r  ***.-»  r_“i».  +  o  ond 

/  r  0 ,  ?’  1  2  1  P  2  P 

"♦ij  l/c  “  (f/tL 

GW  bocomo»G(l)"  •  ■  '  ^  wh  ch  ogres*  with  ilmiforly,  for  roglon  ili, 

"  -t/2,  ♦j  ■  w/2,  fj  “  Jul,  *'2  "  Ql'^  Jng  th'  fcjme  rosuit  for  G(i)  ot  In  •■oglon 

II.  Thui,  tho  loioctlon  of  (1 3  and  (13)  of  tho  text  vrhich  Identify  tho  bronchos  of  7*^ 
roducos  to  tho  nocosoory  physical  form  when  t  *  jw/  justifying  this  choice  of  branch  cut  • 
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I 

From  (1^  of  roxt,  th«  Loploco  tronsfomt  of  H>«  eoto  ortior  IomoI  puiio  via  Tobies 

(2,1)  •|(i)  ■/  1(0  J  (tif)  •  + 

From  (2)  and  (1(9  of  the  text^  the  output  for  this  cose  is  then 

C+j«,  -(l/c)  \[t^  u  ^ 


(22  ) 


(2. 2)  «  (t)  -  —  / 

®  2*i  ■'c-i 


St 

e  ds 


C  >0 


2  2  * 

where  the  branches  of  \  +  u  ore  defined  by  (13  and  (13)  of  fhe  text.  The  Integral  oioog 

P 

the  Bromwich  contour,  B, ,  defined  by  (2.  3  ovolucted  bv  considering  the  closed  cor'.toun  defined 

i 

In  Fig.  2.  lo  and  using  the  residue  theorem.  This  method  Is  well  Icncwn  and  will  only  be  outlined 

hers.  Consider  first  the  closed  contour  C  to  tfie  lef*  of  B,.  The  closed  contour  C.  Is  defined  os 

L  1  L 

(C  ml  .♦f+r-ff-r/'tf  -tj,  +  1  vvherc'  B  ’  Is  B  for  0  finite  ond  B*  il  the 

^CL  ■^8]  U  •'8^  ’'S  -'6  1;  2 

clockwise  dumbell  type  contour  around  the  bron-.h  cut  and  bfonch  Since  ttirre 


are  no  residuej  wIHiln  C.  ,  ^  ■  0  “  j  +  j  «■  j  I  *'  J  *  i  *  J 

I-  C.  •'?  -n  \ 


'c  -  '■>  s  •«  \  -L  ■  •  A  ■  ■"/ 

'“L  1  2  3  ^  ^  ^  8]  3  4 


as  R — u)  Qttd  for  t>  '  /c  It  l»  easy  to  show  that  I  *  J  *  J  *  I  vonlih.  Hence,  ^  . 

2  5  1  '6  1. 

Next  consider  the  closed  contour  to  the  r!  hr  ot  8  ,  C  . 

1  R 

Cleofiy,  (t)  *0,  since  there  ore  no  residues  wit^’ In  C-,  Hence,  (J)  "  0  *  j  +  , 


■R 


For  t  <L/c  ond  os  R— «»  ,  It  con  be  st*own  tr-ar  j  — Oj  hence,  j  ■  0  for  t  <  L/^c. 

arc  1. 


'1 


Thus,  from  these  two  cloeed  contour  coses  one  can  write 


(2.3)  e^(t1 


1(t  -  l/c) 


-(L/c)  ♦  w  ^ 


i;  ^^7 


—  e  «js 


f  r  2  2 ' 

wh«r»  li  tH«  counter  ciockwii*  dumbcli  conh)ur  around  branch  cut »  and  ^ji  ii 

daflnod  by  (Il9  ond  (13^  of  Hmi  :  valuot*  (2.3) ,  Hi«  Integral  li  broken  up  Into  Its  four 

portii  the  two  circlet  on  the  top  orwi  bottom  of  the  dumbell  contour/  ond  the  two  straight  Ifiw 

components  to  the  left  and  right  of  the  brooch  cut.  Ir  this  Integration  the  rodlut  of  the  circlet  must 

be  allowed  to  approach  xerO/  end  os  thU  Is  done  the  two  Integretlera  yr^jr^  eeeh  etrele  ycnllM< 

This  leovet  the  two  side  Integrals  os  shewn  In  Fig.  2.  lb.  On  the  right  and  left  tides  t  |u / 

_ _  ^  |d,/2  ^ _ _  _  1^/2 

di<>|du;  ^"-"1*^  e  '  /  "  sjf2  *  ^  where  rj  ■  -  «  and  rj  “  I* . 

On  the  light  side  ■  -e/2  otkI  •  w/2  )  hence, 

os  the  point  of  integration  move*  or  .und  the  upper  broncK  point,  oiten  lnflnlfotIm«!ly,  whereos 
d^  ItKrsotei  by  2w;  hence,  here  d|  *^3/211,  on  the  left  tide, “ 

.  Thus  (2. 3)  becomes 

r  -(l/c)  jut  -td/c)  ^  jwt 

a«  v-i '  J'^  ~=r-^  *  1'^  * — 


Ut-L'c) 


jut  ~i 

e  du  ! 


which  con  be  expressed  os 


(2.5)  e^(t)  ■  l(t  -  L/c)  r(f,  L  y 


(2.6)  l{t,  V\  j 

cosv**  '  tin  0)  1 

0 

P 

o(tPf  mokir^  the  substlhftlon  iln  0  *  uA^  orvJ  i. .  ng 

giving 

• 

0 

c»*s, 

i 

1 

J.Li.  ■ 

g]d0 


(31  ) 


APPENDIX  ii-  ' 

To  prove  H>e  validity  of  (73)  of  tHe  text,  uie  l»  mode  of  tine  gerMrotir<g  function  for  the 
Betiel  functloniu  Thj*^^ 

te 

(3. 1)  -  Jo(w)  >  ^  C^'' 

n  ■  1 

where  t  con  be  any  rwmber,  real  or  complex,  exc!i  'Ing  t  ■  0. 

Let  a  be  a  real  positive  number  oix!  let 

(3.^0  t-ie"" 

which  ia  then  nonxero  for  all  tuch  a.  Sutjstif  Kon  of  (3.  7)  Inlo  (3. 1)  ,  leparotlng  both  lidc* 
Into  real  of>d  Imoginory  parft,  breaking  up  the  resulting  lum  Into  a  lum  over  odd  and  even 
Integen,  and  then  eguoflng  the  real  ond  imo.^irviry  port»  t>!  both  sides,  rwipectively,  gives 

(3.3)  coi(w  cosh  q)  •  Jo(w)  2  ^  (“1')  coahfPn  a)  j_  (w) 

^  /n 

n  ■  1 

«r 

,  -  n 

(3.4)  |In(w  cosh  a)  •  ?  '  (-1)  cosh  j  (2n  ♦Da  j„  (w) 

L.  2<T+. 

n  *  0 

Equation  O-^)  It  (23^  of  th«  fp.f  fee  0  •  io,  xaMviot’  <g  the  direct  lubttltutlon  >jf  0  ■"  jci  In 


(23)  of  the  text,  which  givei  tt'. '  to..  •  retu if. 


Appf>dlx  B-4 

Thu  appendix  will  attablldi  Hw  form  b/  fom  Idwdity  of  (39)  ef  Hta  laxt  with  Hw 
roiulf  obtained  by  Tublnowlex^  which  It 


(4-1)  m  ■  IM)  iinWi#  J*Ce^^^^]y“*(yr>yo"") 

in"  1 

whorp^  ■  ^frH)/fi*-1)  ond  y^  ■ 

To  ■  (l/Vgo^/(l/e)  -  «/vjQ  -  \/{d(/Ai  j  -  1/(1  - 

«"H) 


With  ■  group  velocity  of  the  carrier  frequency. 

if  In  (4-1)  one  left  n  "  mr)/2,  then  orw  note*  by  comparing  the  rewlttng  turn  with  (39) 

of  the  text/  thot  If 
«  •• 


(4-2)  2  eoih(2nt-1)  o  » 

the  n^  term  of  eoch  turn  will  be  Identical*  In  (4-2)  o  It  determined  by  (2^  of  the  text  and 
Up  >  u^.  intpectlon  of  (4-3  revealt  thot  It  will  certolnly  be  totltfled  If  y©  ■  e".  From  the 
above  definition  of  yo  In  termt  of  Tor  yo  "  1  >  (1  -  «p/u*)^^l  /D  -  (1 

Then  on  uting  (29)  of  the  text  In  the  form  Up/up  ■  2/(e^tw  ,  direct  ubttltutlon  givet 

yo  “  Hence/  (4-1)  It  term  by  term  Identical  to  (33  of  the  text.  However/  Equation 


(39)  It  lomcwhat  timpler  In  form/  due  to  the  concitenett  of  the  hyperbolic  function  term. 

The  above  term  by  term  Identity  holdt  ot  wei  I  for  Wp  <  u^.  For  thli  cote  the  foctor 
eoih(2nt-l)  a  In  (33  of  the  text  becomet  eot(2rrt-1)  0  where  cot  0  "  Wp/i^  .  For  term  by  term 
equality  of  (4-1)  and  (39)  of  the  text/  the  relation  2  cot(2frt'l)  0  ■  yo^"*^'  yo”^^"*^^  mutt 

hold*  Thit  will  be  l;ve  If  yo  **  Following  the  fxwcedlng  direct  lubttltutloni  and  noting 
that  for  It  given  by  Tp"  -  1)  orte  Indeed  ebtolnt  yo  *  n*^^*  Hence/ 

09)  of  ttm  text  and  (4-1)  are  term  by  term  Identlcol  for  all  vaiuot  of 
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If  It  ncfW  v«r/  warthwKIU  to  rtote  'hot  (t-1) ,  and  henc#  (39)  of  the  fext|  con  olio  b« 


wrltte  1  in  a  lomewfict  different  form  (for  Ug  >  Wp)  wfsich  hopp^int  to  be  more  ropldiy  converyent 
f<t,  time*  corresponding  toT  >  ▼g  (tq  i*  colled  the  orrivo'  of  the  main  ww«/  oi  wci  noted  by 
RubIrKwrici.  Thu*,  u»liig  (3  ^  and  (4-1)  one  flrit  note*  that  the  iteody  »t«te  wave  can  be 

wr'tter.  fii 


(4-J,  ~  p(wg)  L)  -  *in[_(ug/wp)  ftpfr  - 'i  i-Wg/Ug^  J-  -  )  iln(irrw/2i 


“1  J  [(rr/r^  *  (r'^Tof  .• 


Adding  end  lubt^oct'*^^  !lil*  »t«ody  jtote  wave  to  (4-!)  tv.grj  glvdf  fh«  eq^Ivolent  f-VW 

\ 

^ _ _  ^ _ _  i 

(e-4i  f'lj  "(*lr>  [_  '  'w^  w  ‘  ^  i  '  '  slnirr^  Jrr,^®  1  ^ 


in  performin*^  the  compotatlcn:  of  ffd  ,  (oV)  r>t  ;he  te»f  fr-r  (i-'i))  iJ-iX;  d  b«  -jed  for  i  v  T  c  Xg. 
urvd  (4-4)  for  X  '•  Xg  fvx  quickeit  corxergence.  tquotKxi  (4-4)  can  ci*o  i>«  osed  'o  oefermlne 


ifie  deviation  ctf  fh)  from  the  iteody  itote  voloe  ter  on.  particular  xxiloe  of  x  arnl  for 


o 
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Appendix  d  -  Figure  3.  EQUIVALENT  "BLACK  BOX"  OF  DISPr.R"''/E  MEDIUM 


ID* 


- OUTPUT  VIA  CONVERGENT  SERIES  (EQUATION  i 

OUTPUT  VIA  NUME‘^?CAL  INTEGRATION  (Cohn) 
- STEADY  STATE  OUTP JT 


CASE  I 


^«5.00  {L/Xvosa076) 
u>t,/utp  t  I.IO 


4 


i 

5 


Ml/ 


ApfjPndi*  P 

F.G  4  OUTPUT  RESPONSE  OF  DISPERSIVE  MEDIUM  DUE 


1.0  l|2  I  1,4  ,  1,6  ,  <fi  ,  2/3 

CASE  a  LA... 3.58  Li!  ;  . 

!  '  • 

- - —  jg)  Wf/Wji  ■  1-50  •  15.0)  t  ^  .... 

- (b)  w./w,  ■  1.00  (a,  ■  22.5) 

- (c)  .  0.95  (a,  •  237)  . 


r-L/c  L  •  LENGTH  Cr  MLOlUM  .1' . 

c- SPEED  OF  LiGHT  IN  ^ 

VACUUM 

,»►•  .  .  .  ,  .  j 

Af>p«od‘x  E 

FIG  5  OUTPUT  RESPONSE  OF  DISPERSIVE  MEDIUM  DUE  TO  STEP  FUNCTION 
CARRIER 

di  \  1 2  K4  C.A  '6  2  0 


t 


1.2 

1.0 

0.8 


-  -  STEADY  STATE  ENVELOPE 

- - EXACT  SOLUTION 


APPROXIMATE  TRANSFER  FUNCTION 


2.0 


30 


4  0 


SO 


T-  ^ 


u^o/U^p  »  l.iO 

-  5  00 


•  f. 

FIG  6  OUTPUT  WAVE  FORM  OF  A  DISPERSIVE  MEDIUM  DUf 


\  ^  B75 

0^  ,  iGH’'  IN  VAi'L'UM 


STEP  \  CARPif  P  iNP  T 


V  y  COMPLEX  S  PLANE 


2.l<)  LEFT  AND  NIGHT  CONTOUR  INTEGRALS 


2Jfe?  92  ,  IN^eC-PAL  AROUND  BRANCH  CUT 


$-2  '  Fl9ur«  «-) 


APPENDIX  C 


Extorniofi  of  Ellioft*!  Approxlmote  PuUe  Dc^rodotiw  Afvjiysi*  fo  High  Coiliiiofi  Coie 
For  the  cate  of  high  collitioni,  by  which  it  meant 
(1)  r/u  >  >  ] 

and 

(2/  I'  «^  >>  1 

P 

the  reiative  dielectric  conttant  of  the  plowna  become* 

(3)  €  .  's  i  -  j  Op /mj 

and  the  factor  o  become* 

“  i  i  Up/2l>u 

hence,  lc>l^<<  I  and  the  ^un'tion  of  g(u)  becomci 

(S) 

which  Is  the  some  form  (F.cjuatlor)  (ll-35(  of  Tosh  !l  of  the  text)  for  the  case  ~  C  ond  2  u  ^  except  that  6  it 
now  complex.  Neglecting  ii'^2  os  compored  to  unity  then  corresponds  to  o  single  troversa!  of  the  sheotfi  with 
a  pntjse  shift  of  =  0(td  d.  Fcdlowing  Elliott  and  exparxiing  in  o  finite  Taylor  series  obout  the  c-orrier  gives 

2 


where  now  3((*i  i*  gi»en  by 


0(y)  »  !  - 

! 

E  vol 

voting  P(uq)  ,  3*(wo) 

,  ofKi  3''(wo)  sh?ows  that 

(® 

0(«q)  I  -  i 

1 

high  collision 

f  0 

(9) 

1 

P’K'  I 

high  collision 

1/ «  0 

P“fco)l 


2 

-  (-  1/4  ^  )  p»‘(u  )  { 

1 

high  col! Utoti  t>«0 


v'he«  fcr  the  collisiofJess  caw 

(i  1) 


hence,  the  foctor 


0'*(«o) 


d  for  ^e  high  coliijion  caw  con  be  written  os 


{)Z 

high  collision  =  0 

where  'Ph  the  eguivuient  plosrna  tf  ickness  foi'  the  high  cOiiis>on  case.,  but  having  the  jotne  disrortion  factor 
{i.  e.  ,  tfie  some  ~  ®  '*  given  by 


(13)  -  1/4  V  d 

ir 


It  con  be  shown  by  going  through  on  identicol  process  as  for  Hse  cose  t’  -  0  with  3(y)  given  by  (i  1;  fnat 
the  resulting  outpu;  for  this  cose  is  the  some  {!.  e.  ,  is  given  by  (1/  of  Appervlix  A)  but  with  d  replaced  tsy  1^, 
Thus,  the  outprit  pulse  shapes  ore  os  given  in  figure  2  r  Appendix  A  were  in  the  ptsrameter  o  the  length  !^i 
is  used  insieod  of  d  for  the  plosmo  thickness.  New,  since  for  c  given  voiue  of  d  of>d  high  coiiision  1/1  <<d 
if  is  seen  that  for  o  given  ratio  of  operoting  to  plosmo  frequency  (w^j/wp)  and  o  given  plasma  thtCK.ness,  d,  the 
voiue  of  the  poromefer  o  (sirtce  a  is  rapioced  by  l/'l)  will  effectively  decreose  for  the  high  collision  cose,  or>d 
hence  less  pulse  degrodotior^  will  ixcur,  in  occordonce  with  figure  I  of  Appendix  A. 


APPENDIX  D 


The  expression  for  fhe  mognitude  of  the  Jronsfof  function,  rw 


|GW  1  = 


cos(PyL’|T,  tinOyL  ^ 


can  be  simplified  if  the  antenna  is  located  neor  the  stognation  point.  Then,  the  relative  dielectric 


constant 


e  =  i - e - 


]  -  f  l^/u 


has  a  highly  neg  stive  real  port  for  the  re-enhy  missions  described  In  Tosk  I  and  covering  frequency 
range  (200  MC  t-  '  2000  MC.)  As  c  result,  the  folio^ing  inequality  holds 


_£L _ 


1  -  i  u/b) 


>>  \ 


The  index  of  refraction  n  -  ^ simplifies  to 


"'‘Wq  5  /2  ran" '  [vM 


The  argument  of  the  trigoncmetric  function  in  s'he  denominctor  of  G(ti  becomes 


%  L/c 


1/2 


(1+1^  /u 


(u  is  Hie  speed  of  light  in  vocuurrV 


For  the  re-entry  missions  under  study,  it  can  be  shown  thar  can  be  greotly  simplified  because 
the  following  inequalities  ore  fulfilled. 


<  <  1 


w  L/C 


0^  1/2  hin'’^(v/4^  £  */4 


yielding  for  the  danominofor  of  G(ti 


“d  L/c  f,  ,  ”1  .  ^ 

fi  +  ii/  1^/4  CO*  :»  tan'^y/tt  4  T'  2/  2J/^ 


^  V* 


tin  —  fan~'u/u 


Hence  , 


|GW|  «  2e 


fl  »  -1  /' 

co.[_-tan  ./w 


(Hy2/«2) 


ihe  obove  expression  in  decibel*  i* 

20  ioQ|G(i4  J  =  -B.  48<S  - — _ —  'o* 


r  —  ton  ^  v/u  1 

12  J 


db  +  6  db 


